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Abstract. We show that all finite dimensional pointed Hopf algebras with 
the same diagram in the classification scheme of Andruskicwitsch and Schnei- 
der are cocycle deformations of each other. This is done by giving first a suit- 
able characterization of such Hopf algebras, which allows for the application of 
results by Masuoka about Morita-Takeuchi equivalence and by Schauenburg 
about Hopf Galois extensions. The "infinitesimal" part of the deforming co- 
cycle and of the deformation determine the deformed multiplication and can 
be described explicitly in terms of Hochschild cohomology. Applications to, 
and results for copointed Hopf algebras are also considered. 



0. Introduction 

Finite dimensional pointed Hopf algebras over an algebraically closed field of 
characteristic zero, particularly when the group of points is abelian, have been 
studied quite extensively with various methods in [AS[ IBDG|, IGrl|, IMuj . The most 
far reaching results as yet in this area have been obtained in |ASj . where a large 
class of such Hopf algebras are classified. In the present paper we will show, 
among other things, that all Hopf algebras in this class can be obtained by cocycle 
deformations. We also consider the "dual" case, where the Jacobson radical is a 
Hopf ideal. In the non-pointed case, in particular when the coradical is not a Hopf 
algebra, very little is known. Few examples occur of the literature (Ra2( IBej , but 
no general description or classification results are available. It is the aim of this 
paper to contribute to the construction and classification of such Hopf algebras, 
in particular the copointed kind. By a copointed Hopf algebra we mean a Hopf 
algebra H whose Jacobson radical Rad H is a Hopf ideal and _ff/Rad H is a group 
algebra. 

If H is a Hopf algebra with coradical a Hopf subalgebra then the graded coal- 
gebra gr c H associated with the coradical filtration is a graded Hopf algebra and 
its elements of positive degree form the radical. If the radical of If is a Hopf ideal 
then the graded algebra associated with the radical filtration is a graded Hopf al- 
gebra with Cor(gr Q H) = H/ Rad H. In either case we have griJ = R#H , where 
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Hq is the degree zero part and R is the braided Hopf algebra of coinvariants or 
invariants, respectively. 

The Nichols algebra B(V) of a crossed fcG-module V is a connected graded 
braided Hopf algebra. H(V) = B(V)#kG is an ordinary graded Hopf algebra with 
coradical kG and the elements of positive degree form a Hopf ideal (the graded 
radical). A lifting of H(V) is a pointed Hopf algebra H for which gr c H = H(V). 
Such liftings are obtained by deforming the multiplication of H(V). The lifting 
problem for V asks for the classification of all liftings of H(V). This problem, 
together with the characterization of B(V) and H(V), have been solved by An- 
druskiewitsch and Schneider in [ASJ for a large class of crossed kG- modules of finite 
Cartan type. It allows them to classify all finite dimensional pointed Hopf algebras 
A for which the order of the abelian group of points has no prime factors < 11. 
In this paper we find a description of these lifted Hopf algebras, which is suitable 
for the application of a result of Masuoka about Morita-Takeuchi equivalence |Maj 
and of Schauenburg about Hopf Galois extensions [Schj . to prove that all liftings 
of a given H(V) in this class are cocycle deformations of each other. As a result 
we see here that in the class of finite dimensional pointed Hopf algebras classi- 
fied by Andruskiewitsch an Schneider [AS] all Hopf algebras H with isomorphic 
associated graded Hopf algebra gr c H are monoidally Morita-Takeuchi equivalent, 
and therefore cocycle deformations of each other. For some special cases such 
results have been obtained in [Mai IDij . Since B(V) and H(V) are graded the co- 
cycles and deformations can be viewed in a formal setting. The infinitesimal parts 
are Hochschild cocycles. They determine the deformed multiplication and can be 
computed explicitly. The dual problem is to construct co-pointed Hopf algebras 
H by deforming the comultiplication of H(V) in such a way that gr a H = H(V), 
where gr a H is the graded Hopf algebra associated with the radical filtration. Such 
'liftings' can be viewed as cocycle deformations with convolution invertible coal- 
gebra cocycles, which again can be discussed in a formal setting. In both cases 
the deformations are formal in the sense of [GS], the infinitesimal parts of these 
deformations determine the deformed multiplication and comultiplication, respec- 
tively, and are determined by the G-invariant part of the Hochschild cohomology 
of B(V0 or H(V). 

First we discuss what von Neumann regularity for an algebra and the "dual" 
concept of coregularity for a coalgebra entail in the case of a Hopf algebra. Of 
particular interest is the situation where the coradical is a regular Hopf algebra 
and/or iJ/Rad H is a coregular Hopf algebra. If both conditions are satisfied then 
H = A#Cor(H), where A = JJ c °(, Co1 H ) is the braided Hopf algebra of coinvari- 
ants over Cot(H). This happens in particular when Cor(iJ) is a finite dimensional 
Hopf subalgebra of H and Rad(_ff) is a Hopf ideal of finite codimension in H. 
It also happens for gr c H when Ho = Cor(H) is a regular Hopf algebra, and for 
gr a iJ when H = H/R&d(H) is a coregular Hopf algebra. A group Hopf algebra 
kG is always coregular, but it is regular if and only if every finitely generated 
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subgroup of G is finite. In Section 2 we continue with a short review of braided 
spaces, braided Hopf algebras, Nichols algebras and bosonization. in preparation 
for a useful characterization of the liftings for a large class of crossed modules over 
finite abelian groups in Section 3. With this characterization it is then possible to 
prove that liftings are Morita-Takeuchi equivalent (Section 3) by using Masuoka's 
pushout construction, and that they are cocycle deformations of each other (Sec- 
tion 4) by a result of Schauenburg. Cocycle deformations of multiplication and 
comultiplication, as well as their relation to Hochschild cohomology are discussed 
in Section 4. Some explicit examples are presented in Section 5, and duality of the 
two deformation procedures are explored in the final section. 

It came to our attention that, in the preprint [Ma2j just posted in the archive, 
some special cases of the connection between 'liftings' and cocycle deformations 
are considered. After we had posted our paper A. Masuoka informed us that 
his Theorem 2 of [Ma] was missing a condition, as observed in [BDR . For the 
verification of this additional condition, needed in our 13.51 we refer to the second 
version of |Ma2j . where it now appears as an appendix. 

1. Regularity and coregularity 

An algebra A is (Von Neumann) regular if a = axa has a solution for every 
a G A. This is equivalent to saying that every left (right) A-module is flat, or also 
that every finitely generated left (right) ideal of A is generated by an idempotent 
[C, St], [We] , We say that a coalgebra C is coregular if every left (right) C- 
comodule is coflat. 

Lemma 1.1. If C = ©„C„ is a coalgebra and X a (right) C-comodule, then 
X = @X V , where X v = i* v X = X (g) C v . Moreover, X is C '-coflat if and only if 
X v is C v -coflat for every v. 

Proposition 1.2. The following properties of a coalgebra C are equivalent: 

(a) C is coregular. 

(b) Every subcoalgebra of C is coregular. 

(c) Every finite dimensional subcoalgebra of C is cosemisimple. 

(d) Cor(C) = C. 

(e) C* is a regular algebra. 

Proof. Let C be coregular and let D be a subcoalgebra of C. Every (right) D- 
comodule is also a (right) C-comodule, hence coflat as a C-comodule. Now, if X 
is a right D-comodule and /: M — * N is a surjective D-comodule map, then in 
the commutative diagram 

X ® D M > X <gi c M 

I I 

X ® D N > X ® c N 
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the horizontal maps are bijective by the definition of the cotensor product, while 
the right-hand vertical map is surjective by the C coflatness of X, so that the 
left-hand vertical map is also surjective and X is therefore coflat as a D-module. 
Thus, every (right) D comodule is coflat and so D is coregular. 

If D is a finite dimensional subcoalgebra of C, which is coregular, then D* is 
a finite dimensional regular algebra, hence semisimple, so that D is cosemisimple. 
(A module is flat whenever every finitely generated submodule is flat [St]. An A- 
module Y is flat if and only if Y ®_r / — > Y is injective for every finitely generated 
left ideal / of A [C, St]. Thus, it suffices to consider finitely generated modules, 
in which case (X ® D M)* = X* ® D . M* .) 

If every finite dimensional subcoalgebra of C is cosemisimple then Cor(C) = C, 
since every element of C is contained in a finite dimensional subcoalgebra. 

That (d) implies (a) follows from Lemma fl.ll It remains to show that (d) is 
equivalent to (e). If C = Cor(C) then C* is a product of finite dimensional simple, 
and hence regular algebras. But a product of algebras is regular if and only if each 
factor is regular, so that C* is regular. Conversely, if C is not coregular, then 
it contains a finite dimensional subcoalgebra D which is not cosemisimple, and 
D* is a finite dimensional non-regular quotient algebra of C* , so that C* is not 
regular. □ 

Proposition 1.3. If A is a regular algebra then: 

(a) Rad(A) = 0. 

(b) Every quotient algebra of A is regular. 

(c) Every finite dimensional quotient algebra of A is semisimple. 

(d) A° is a coregular coalgebra, i.e. Cor(A°) = A° . 

Proof. If a G Rad(A) then a = axa for some x G A implies that a(l — xa) — and 
hence a = 0, since 1 — xa is invertible. 

If a = axa in A then axa = a in A/ 1 for any ideal / of A. If A/ 1 is finite 
dimensional and regular then it is semisimple, since Rad(A) = 0. 

A = colim(A//)*, where the colimit is over all cofinite ideals of A. If A is 
regular and / is a cofinite ideal then A/I is semisimple and (A/I)* is cosemisimple, 
so that Cor( J 4°) = A° . Assertion (d) also appears as Proposition 3.2 in [CuJ. □ 

Lemma 1.4. If A is a Von Neumann regular subring of the ring B then A n 
RadB = 0. 

Proof. If o 6 An Rad-B then a = axa has a solution in A, say x — a', since A 
is Von Neumann regular, and 1 — a' a is invertible, since a G Rad(£>). But then 
a(l — a'a) = implies that a = 0. □ 

The following example shows that the conclusion of this Lemma does not hold 
in general when A is not regular. If the polynomial algebra B = k[x] is considered 
in the usual way as a subalgebra of the power series algebra A — k[[x\] then 
Rad(B) = Bx and A n Rad(B) = Ax, but Rad(A) = 0. 
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Proposition 1.5. Let H be a Hopf algebra. 

(a) If Cor(ff) is a Von Neumann regular Hopf subalgebra of H , in particular 
if Cot(H) is a finite dimensional Hopf subalgebra of H , then the algebra 
map Cot(H) — > H — > H / Kad(H) is injective. 

(b) If Rad(-ff) is a Hopf ideal and H/R&d(H) is coregular, in particular if 
Rad(-ff) is a Hopf ideal of finite codimension in H , then the coalgebra 
map Cor(if) — > H — > H / Kad(H) is surjective. 

(c) If Cor(ff) is a von Neumann regular Hopf subalgebra of H and Rad(ff ) a 
Hopf ideal with H / Rad(iT) coregular then Cor(H) — ► H — > Hj Rad(if) is 
a Hopf algebra isomorphism and H = A x Cot(H), where A — fj co ( CorH ) 
is the braided Hopf algebra of coinvariants over Cor (if). This happens in 
particular when Cor(ff ) is a finite dimensional Hopf subalgebra of H and 
Rad(iJ) is a Hopf ideal of finite codimension in H. 

Proof, a) If Cor (if) is a Von Neumann regular Hopf subalgebra of H then for any 
a G Cor(H) Pi Rad(ff) C Cor(iT) the equation a = axa has a solution in Cor(ff) 
so that a(l — xa) = 0. Since 1 — xa is invertible in H it follows that a = 0, and 
hence Cor(ff) n Rad(ff) = 0. In particular, if Coi(H) is a finite dimensional Hopf 
subalgebra of H then it is cosemisimple, hence semisimple by LRI , and thus Von 
Neumann regular, so that Cor(if) n Rad(ff) C Rad(Cor(7J)) = by Lemma [L4l 

b) If Rad(ff ) is a Hopf ideal in H and H/ Rad(iJ) is a coregular Hopf algebra, 
then Cor(H/ Rad(iJ)) = H/Ka,d(H). Moreover, since any surjective coalgebra 
map i]-. C —> D, where D = Coi(D), maps CorC onto Cor D |Mo[ Corollary 5.3.5] 
it follows that the canonical map Cor(_ff ) — > H — > H / Rad(iJ) is surjective. In 
particular when Rad(TJ) is a Hopf ideal of finite codimension in H then Hj Rad(_ff ) 
is a semisimple Hopf algebra, hence cosemisimple by [LR . 

c) It follows directly from a) and b) that 7r: H — > H / Rad(iJ) is a Hopf algebra 
with projection. Now apply |Ralj . □ 

Pointed and copointed Hopf algebras. A Hopf algebra H is pointed if its 
coradical Cor If is equal to the group algebra of the group of points G{H). In 
this case the coradical filtration is an ascending Hopf algebra filtration and the 
associated graded Hopf algebra gr c H has the obvious injection k c : kG — > gr c H 
and projection ir c : gr c H — > kG such that tt c k c = 1. 

We say that H is copointed if its radical Rad H is a Hopf ideal and ff/Rad H 
is a group algebra kG. Here the radical filtration is an descending Hopf algebra 
filtration and again the associated graded Hopf algebra gr r H has the obvious 
projection ir r : gr r H — > kG and an injection k t : kG — > gr r H such that n r n r = 1. 

In both cases above gr H is graded, pointed and copointed, and by |Ralj gr H = 
A#kG, where A = {x £ H\(ir ® l)A(a^) = 1 ® a;} is the graded connected braided 
Hopf algebra of coinvariants. 

Lemma 1.6. If the Hopf algebra H is pointed and copointed then Cor if = 
ff/Radff and H is a Hopf algebra with projection. Moreover, Rjj^kG = H., 
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where R = {x £ gr H\ (p ® 1)A(.t) = 1 ® x} is the connected braided Hopf algebra 
of coinvariants of H . This is the case in particular for gr c H and for gr r H when 
H is pointed or copointed, respectively. 

Proof. A surjective coalgebra map r\: C — > D, where D = Cor(D), maps CorC 
onto Cor D |Mo] . Thus, the composite Cor H — > H — > H/R&dH is a bijection. 
The isomorphism is that of [Ralj . □ 

2. Braided Hopf algebras and the (bi-)cross product 

A braided monoidal category V is a monoidal category together with a natural 
morphism c: V ®W — > W ®V such that 

(1) Ck.y = t = cy :fe , 

(2) cu®v,w = (cu,w ® 1)(1 ® c v ,w), 

(3) ct/.vgiw = (1 ® c UiW )(c UiV ® 1), 

(4) c(/® 5 ) = ( 3 ®/)c. 

Braided algebras, braided coalgebras and braided Hopf algebras are now defined 
with this tensor product and braiding in mind. The compatibility condition A m = 
(m<g>m)(l(S>c(g)l)(A(g)A) between multiplication and comultiplication in a braided 
Hopf algebra A involves the braiding c: A ® A — > A ® A, so that the diagram 

. . (l(g>c<gil)(A<giA) . . . . 

A® A ^ A® A® A® A 



A® A 



commutes, i.e. multiplication and unit are morphisms of braided coalgebras or, 
equivalently, comultiplication and counit are maps of braided algebras. 

2.1. Primitives and indecomposables. The vector space of primitives 

P(A) = { y e A\ A(y) = y®l + l®y} = ker(A) : A/k -> A/k ® A/k 

of a braided Hopf algebra A is a braided vector space, since A is a map in V. The 
c-bracket map [— , — ] c = m(l ® 1 — c): A® A ^ A restricted to P(A) satisfies 
A[x,y] c = [x,y] c ® 1 + (1 — c 2 )x ®y+l® [x,y] c ; in particular [x,y] c E P(A) if 
and only c 2 (x ® y) = x ®y. Moreover, if x E P(A) and c(x ® x) = qx ® x then 
Ax n = Y]j,j „ ( n ) x l ® x\ where ( n ) — . , are the o-binomial coefficients 

(the Gauss polynomials) for g, m q \ = l q 2 q ...m q with j 9 = 1 + q + ... + f?"' -1 if j > 
and Oq! = 1. If q = 1 then j 9 = j and we have the ordinary binomial coefficients, 
otherwise j q = . In particular, if q has order n then (") = for < i < n, 
and hence x n E P(A). 



Lemma 2.1. Let {xi} be a basis of P(A) such that c(xi ® Xj) = qjiXjXi. If 
Ijilijlif 1 — 1 then &dxl(xj) is primitive. 
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Proof. See for example [AS 1] appendix 1. □ 

The vector space of indecomposables 

Q(A) = J A/, J A 2 = cok(m: J A <g J A -> J A), 

where J A = ker(e), is in V c . The c-cobracket map 6 C = (1 (g> 1 — c)A: A — > A (g A 
restricts to JA, since 

A(a) = a(g)l + l(8)a + y^a i (8)6 i 

and hence 

S{a) = y ^2 l {a i ®bi- c{a,i <g bj)) 

is in J A <g J A for every a — a — e(a) G J A. Moreover, 

S(ab) - (a (g> b - c 2 (a <g 6)) 

is in J A 2 ®JA + JA® J A 2 . In particular, if c 2 (a (g &) = a ® 5, then £(a <g> 5) G 
JA 2 (g) J A + J A (g> J A 2 . 

2.2. The free and the cofree graded braided Hopf algebras. The forgetful 
functor U : Alg c — > V c has a left-adjoint .4: V c — > Alg c and the forgetful functor 
U: Coalg c — > V c has a right-adjoint C: V c — * Coalg c , the free braided graded alge- 
bra functor and the cofree graded braided coalgebra functor, respectively. More- 
over, there is a natural transformation S: A — > C, the shuffle map or quantum 
symmetrizer. They can be described as follows. 

If (V, fi,5) is a braided vector space then the tensor powers To(V) = k, 
T n +i{V) — V®T n {V) are braided vector spaces as well and so is T(V) = (B n T n (V). 
The ordinary tensor algebra structure makes T(V) the free connected graded 
braided algebra, and the ordinary tensor coalgebra structure makes it the cofree 
connected graded braided coalgebra. 

By the universal property of the graded braided tensor algebra T(V) the linear 
mapAi =incldiag: V —>■ T(V)®T(V), Ai(w) = v<g 1 + 1® v, induces the c-shuffle 
comultiplication A .4 : T(V) — > T(V) <E)T(V), which is a homomorphism of braided 
algebras, so that A^to = (m®m)(\ (gc(g \)(Aa® A^). Moreover, the linear map 
si : V — » T(V), si(v) = —v, extends uniquely to a c-antipode s^: T(V) — » T(V), 
such that s^m = m(s^ (g s^)c, A^s^ = c(s^4 (g s^)A^ and m(l <g s^)A^4 = te = 
m(s^ <g 1)A_4, thus making A(V) = (T(V) 7 m 7 A a, sa) the free connected graded 
braided Hopf algebra. This defines a functor A: V c — > Hopf c , left-adjoint to the 
space of primitives functor P: Hopf c — > V c . 

On the other hand, by the universal property of the cofree connected graded 
braided coalgebra T(V) there is a unique c-shuffle multiplication mc ■ T(V) <g> 
T(V) — y T(V), which is the homomorphism of braided coalgebras induced by the 
linear map mi = +proj: T(V) ® T(V) — > V, so that Amc = (mc <g> TOc)(l <g 
c (g> 1)(A (g A). The linear map si = — proj: T(V) — > V induces uniquely a c- 
antipode sc : T(V) — > T(V), such that seme = mc(sc <g sc)c, Asc = c(sc (g sc)A 
and m c (l ® s c )A = be = m c (s c ® 1)A, making C(V) = (T(V), A, m c , s c ) the 
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cofree connected graded braided Hopf algebra. The functor C: V c — > Hopf c is 
right-adjoint to the space of indecomposables functor Q: Hopf c — > V c - 
The adjunctions just described provide natural isomorphisms 

V c (Q^(V),y) = Hopf c (A(V),C(V)) = V C (V,PC(V)), 

and by construction we also have natural isomorphisms 

QA(V) = V , V = PC(V). 

The resulting natural isomorphism 

Vect c (V,V) Si Hopf c (A(V),C(V)) 

sends the identity morphism of V to the quantum symmetrizer S : A(V) — > C(V). 
The image of S is the Nichols algebra 

B(V) S ^4(V)/kcr(5) S imS c C(V) 

and QB(V) = K ^ PB(V). 

An explicit description of the quantum symmetrizer can be obtained in term of 
the action of the braid groups B n on the tensor powers V® n as follows. The Braid 
group B n can be defined by generators u\, 02, . . . , (J n -i an d relations 

(1) <Ji<jj = OjOi for \i — j\ > 1 and 

(2) (Ji(Ji + i(Ji = (7j + l<7,CT,+ l. 

The symmetric group 5 n is obtained by imposing the additional relations 
(1) of = 1 for i = 1,2,..., n- 1. 

If we denote the corresponding generators of SVi by t\, ti, . . . , t„_i, then the ker- 
nel of the canonical quotient map /: B n — > given by /(<Tj) = r, is the normal 
subgroup of B n generated by the squares a\,a\,..., o n _ x . The set theoretic sec- 
tion u: S n — > £?„ defined by u(ji^Ti^ ■ ■ ■ r^) = cr^o - ^ • - - o"i ( for any reduced word 
T il T i2 ■■■Ti l of S n is called the Matsumoto section. If Z(rr') = Z(r) + Z(r') then 
u(rr') = u(t)u(t"). The element 5 = X)res„ u ( r ) °f k-B n ^ s cane d the quantum 
symmetrizer. 

The braiding map c: V ®V — > V<S)V induces a linear representation p n : B n — > 
Aut(V® n ) by p„(o-i) = l®^" 1 ) (g> c (g) for every n > 0, and hence a 

graded linear map S: T(V) — > T'(y). If A^- is the subset of (i, j)-shufnes in 5 n 
then iSjj = ^2 Te Xi j U ( T ) ^ s an element of kB n , and A ,4(71) = $^ +J -_ n an d 
m c{i,j) = Moreover, since Sij(Si <g> Sj) = S n whenever r + s = n, it follows 
that the quantum symmetrizer actually induces homomorphism of graded braided 
Hopf algebras 

S:A{V)^C{V), 

also called quantum symmetrizer. 

The free graded braided Hopf algebra A(V) is the graded braided tensoralgebra 
T(V), with the graded braided c-shufflc comultiplication A .4: A(V) — > -4(V) <g> 
-4(V) and antipode s.4: .4(V) — > -4(V^), induced by the universal property of 
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T(V) from the natural maps Ai : V ->■ T(V) <S> T(V), Ai(t>) = v <g> 1 + 1 ® u, and 
si : V — > T(V), si(u) = — u, respectively. 



A(V) 



.4(F) ® .4(V) 
Hopf C7 left-adjoint to the space of 



commute. This defines a functor A: V c 
primitives functor P : Hopf c — ► V c . 

The cofree graded braided Hopf algebra C(V) is the graded braided tensor coal- 
gebra with the graded braided tensor coalgebra structure induced by the canonical 
decompositions Aij : T n (V) Ti(V)®Tj(V) for n = i+j, and the graded braided 
c-shuffle multiplication induced by the c-shuffles m^j : Ti(V) ® Tj(V) — ► Ti + j(V), 
which make the diagram 



c(y)®c(F) (1 ^ 1)(A8A) ; c(y)®c(y)®c(F)®c(y) 



c(v) 



c(F)®c(y) 



commute. The functor C: V c — > Hopf c is right-adjoint to the space of indecom- 
posables functor Q: Hopf c — ► V c . 

2.3. Crossed modules. A prime example of a braided monoidal category is the 
category of crossed ii-modules YD^ for a Hopf algebra H. A crossed //-module 
or a Yetter-DrinfePd iJ-module, (V 7 fi,S) is a vector space V with a if -module 
structure /x : if <8>V — ► V, [i{h®v) = hv, and a ff-comodule structure <5 : V — > ff®T^ 
, = v-i <S> vo, such that hS(v) — h\V-\ ® fouo = (^i w )-i^2 <8> (fti«)o> or 

(m ® <g> r <8> 1)(A <8> 5) = (m <g> 1)(1 <g> r)(£/z ® 1)(1 <8> r)(A <g> 1), 

i.e such that the diagram 



H ®V 

(1®t)(A®1) 

H(g>V(g>H 



A®(5 



H ® H ® H ®V 



H®V Off 



(m®l)(l<g>T 



if <g> ff ® if <g> V 



commutes. This is the case in particular when 5(hv) = h\V-is(h3) <8> /i2fo, i.e: 
when the diagram 
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H®V 



(l®</><g>l)(A®<5) 



* H ® H ® H ®V 



v 



s 



H®V 



commutes, where <j) = (m <g> 1)(1 ® s ® 1)(1 ® tA)t: H ® H ^ H ® H, 4>{g <g> 
h) = hs(g2) <8> ffi- The braided iJ-modules with the obvious homomorphisms 
form a braided monoidal category, with the ordinary tensor product of vector 
spaces together with diagonal action and diagonal coaction. The braiding, given 
by c(v ® w) = V-i(w) ® Vq, 



clearly satisfies the braiding conditions. The crossed ii-module (k, fJ, = s ® 1, S = 
i® 1) acts as a unit for the tensor. Moreover, (H, adj, A) and (H, m, coadj) are 
crossed iJ-modules, where adj(/i ® /i') = h\h! S{h,2) and coadj(/i) = hiS{h%) <g> /i2- 

2.4. The pushout construction for bi-cross products. Recall Masuoka's 
pushout construction for Hopf algebras |Maj , [Grlj . If A is a Hopf algebra then 
Alg(A, k) s a group under convolution which acts on A by conjugation as Hopf 
algebra automorphisms. 

Lemma 2.2. For every Hopf algebra A the group Alg(j4, k) acts on A by conju- 
gation' as Hopf algebra automorphisms 



where pf = f * 1 * fs, i.e: Pf(x) = f{x\)x2f{sx^). The image of p is a normal 
subgroup of Aut Hopf (A). 

Proof. It is easy to verify that pf is an Hopf algebra map. The definition of p 
shows that p/ t */ 2 = fx * * 1 * /2S * fis = Pf 1 Pf 2 and, since f * fs = e = fs * f, 
it follows that PfPf s = 1 = PfsPf, so that pf is a Hopf algebra automorphism. If 
4> G Aut#o P /(A) and / G Alg(A, fc) then <fr~ 1 pf<j) = /</> * 1 * /s0 = hence the 
image of p is a normal subgroup. □ 

Two Hopf ideals / and J of A are said to be conjugate if J = pf(I) = f * I * fs 
for some / 6 Alg(A, fc). If x G Pi lS is a (1, o)-primitive then 



Theorem 2.3. (M3 Theorem 2] |BDR| Theorem 3.4] Let A' be a Hopf subalgebra 
of A. If the Hopf ideals I and J of A' are conjugate and A/(f * I) 7^ then the 
quotient Hopf algebras A/ (I) and A/ (J) by the Hopf ideals in A generated by I and 
J are monoidally Morita-Takeuchi equivalent, i.e: there exists a k-linear monoidal 
equivalence between their (left) comodule categories. 



c={p® 1)(1 ® t){8 ®1):V®W->W®V; 



p: Alg(A,fc) -> AxX Hopf {A), 



p f (x) = f(x) + f(g)x + f(g)gfs(x) = f(g)x + f(x){g - 1) 
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Proof. With the correction that A/(f * I) ^ ( |BDRj . Theorem 3.4), Masuoka's 
result ( [Ma] . Theorem 2) that there is a (A/ (I), A/( J))-biGalois object, namely 
A/(f * I), holds , and we can invoke |Sch[ Corollary 5.7], to see that A/ (I) and 
A/ (J) are Morita-Takeuchi equivalent. □ 

Observe, as Masuoka did |Maj . that the commutative square 

A' > A 



B/I ► A/{I) 

is a pushout of Hopf algebras. 

If R is a braided Hopf algebra in the braided category of crossed iJ-modules 
then the bi-cross product R^H is an ordinary Hopf algebra with multiplication 

(x#h)(x'#ti) = xMix'^foti 

and comultiplication 

A(x#h) = x 1 #(x 2 )-ihi ® (x 2 ) #h 2 . 

The (left) action of H on R induces a (right) action on Alg(i?, k) by fh(x) = f(hx). 
An algebra map / : R — > k is iJ-invariant if fh = e(h)f for all h € H. 

Proposition 2.4. Let K be a Hopf algebra in the braided category of crossed 
H -modules and let k\g H (K, k) be the set of H -invariant algebra maps. Then: 

(1) Alg H (K, k) is a group under convolution. 

(2) The restriction map res: H Alg H (K#H, k) -> Alg H (K, k), res(F) = F®l, 
is an isomorphism of groups with inverse given by res _1 (/) = / ® e. 

(3) The image of the conjugation homomorphism 

6 = pres- 1 : Alg H {K, k) -» Aut Hop f{K#H) 

is contained in AutHopf(K#H) = { <p E Aut Hopf {K^H) \ ifim = irf}. 

Proof. The set of algebra maps A\g(K, k) may not be a group, but since the 
coequalizer K H = coeq(/i, e ® 1: H ® K —> ]f is an ordinary Hopf alge- 
bra, Alg H (K, k) = Alg(K H , k) is a group under convolution. More directly, if 
/,/'€ Alg H (if,*) then 

f*f'(xy) = f ® f'{xi{x 2 )-iyi®{x 2 ) y2) = f{xi)f'{yi)f{x2)f'{y2) 

= (f * f')(x)(f * f')(y) 

f*f'(hx) = f®f(h 1 x 1 ®h 2 x 2 ) = f(h 1 x 1 )f'(h 2 x 2 )=e(h)(f*f')(x), 

and f*fs = e = fs* /, so that A\g H (K, k) is closed under convolution multipli- 
cation and inversion. 
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For F e H-A\g H (Kfj^H, k) the map res(F) : K — > k is in fact a //-invariant 
algebra map, since 

res(F)(hx) = F(hx <g> 1) = F((l <8> hi) (a: <g> 1)(1 <8> s(h 3 )) 
= e(h)F(x ®l) = e(h) rcs(F) (a;) 

and 

res(F)(xy) = F(xy ® 1) = F(x ® l)F(y ® 1) = res(F)(a;) res(F)(y). 
If F' G ff Alg H (K#H, k) as well, then 

res(F*F')(a;) = F ® F'(a;i ® (a; 2 )_i ® (a; 2 ) ® 1) 

= F(xi ® l)F'(a: 2 ® 1) = res(F) * res(F')(a:), 

showing that res is a group homomorphism. It is now easy to see that res is 
invertible and that the inverse is as stated. 

As a composite of two group homomorphisms 9 is obviously a group homomor- 
phism. Moreover, 

6(/)(l ® /i) = res _1 (/) * 1 * res- 1 (/)s(l ® /i) = e{hi){\ ® h 2 )s(h 3 ) = 1 ® h 
for / e Alg H (K, k), showing that ®(f)\u — id. □ 

Corollary 2.5. Let R be a braided Hopf algebra in the braided category of crossed 
H -modules and let K be a braided Hopf subalgebra. If I is a Hopf ideal in K and 
f S Algjj (K, k) then, 

• J = I#H and Jf = G(/)(J) are Hopf ideals in K#H, 

• R#H/(J) = R/(I)#H and R#H/(Jf) are monoidally Morita-Takeuchi 
equivalent, if (R#H) / (res- 1 (/) * J) ^ 0. 

Proposition 2.6. Let K be a (braided) Hopf subalgebra of the (braided) Hopf 
algebra R such that R is left or right faithfully flat over K , and let B = R/RK + R, 
where RK + R is the Hopf ideal of R generated by K + . Then: 
(1) B is a (braided) Hopf algebra and 

K — ^— ► R 



k — L —y B 
is a pushout diagram of (braided) Hopf algebras. 



(2) R coB coB R. 

(3) The commutative square 



K — ► R 



B 
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is a pullback of (braided) Hopf algebras. 

Proof. Since K + = ker(e) is a Hopf ideal in K it follows that RK + R is a Hopf 
ideal in R and hence that B = R/RK + R is a (braided) Hopf algebra quotient of 
R. 

First show that 

K-^R ~g~| R ® K R, 

where / = (1 ® te)A, /(r) = r <g 1, and g = (te <g 1)A, g(r) = r (g) 1, is exact, 
i.e: an equalizer diagram by faithful flatness (|Wa], Theorem 13.1). Observe that 
both / and g are injective maps. Consider the diagram 

u 

M^M ® K R~^M ® k R®kR 

with w = 1® i, u = 1<8>/ and v = lgig. Then u>(to) = to® 1, u(mg)r) = mg)rg)l, 
u(m ® r) = m g) 1 (g r and mo = vw. If N ~ eq(u, w) then M is contained in N 
and the diagram 

iV ®k i? -> M ® K R ® K R VIS1 M ® K ® K R ® k R® k R 

is exact by the flatness of R over K. Define s : M <S>k ®>kR ®>k R ®k R —> 
M ® K R ® K Rhys = I®I®m 1 s{m <g> r ® r' <g> r") = m ® r ® r'r". If x = 
^2 rrii (g) Vi ® r\ & eq(u <g> 1, w ® 1) = TV (gix i? then 

>J m l <g <g 1 g) r- = (u ® l)x = (i; <g) l)x = >J rai®l®r,®r- 

and hence 

cc = s(u<£>l)x = s(ug)l) = TOigjlgir^r- = (io<g)l)(Y^ TOitgrir-) S im(M(g/f-R) 

which shows that M ®k P = N ® K R = eq(w ® I,v ® I) and iV/M ® K R = 
n ® K R/M ® K R = 0. This implies that N/M = by faithful flatness of R over 
K, and hence that M = N. In particular, if M = K this gives 

K = eq(u,v) = eq(f,g). 

Now if 7r : R — > £? = R/RK + R is the canonical projection then 

t 

p^coB — ^ jj> R (x) P> : 

where </> = (1 <g> lbSr)Ar, <(>{%) = i® 1, and ^ = (1 <g> it)Ar, ip(x) = x\ ® 
7r(x2), is an exact equalizer diagram by definition. The Galois map /? = (tojj (g 
7r)(l (g> Ar) : R ®k R —* R ® B, defined by (3(x g) y) = xy\ g> 7r(y 2 ), has inverse 
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fi- 1 : R® B -> R®k R given by /3 _1 (1 <g> p) = (m R ® 1)(1 (g> s <g> 1)(1 ® Ar), 
P^ 1 (x <g> n(yj) = xs(yi) <g> j/2- The diagram 



X ► R - 9 > R® K R 



P 



R coB > R t t , 



commutes, so that A" = R coB . With the same argument, but on the left, one gets 
K = coB R. 

For any commutative diagram of (braided) Hopf algebras 

X — 2L_ R 

fc B 
which is commutative, 7ra = lb£x, we get 

0a = (1 (g) L B en)A R a = (a ® t S £x)Ax = (1 ® 7r)A fl a = ^a. 
Thus, since 

K ^ R~^ R®B 

is an equalizer diagram, there is a unique Hopf algebra map 7 : X — ► A such that 
«7 = a and e_R-7 = ex, which shows that the diagram in item (3) is a pullback of 
(braided) Hopf algebras. □ 

Observe that a Hopf algebra with cocommutative coradical is faithfully flat over 
any of its Hopf subalgebra [Taj . 



2.5. An exact 5-term sequence. Let adi : R (g> R — » R and ad r : R ® R — > 
i? be the left and the right adjoint actions, that is adi(r ® r') = na's^) and 
ad r (r' (g) r) = s(ri)r'r2, respectively. A Hopf subalgebra A of the Hopf algebra R 
is said to be normal if it is stable under the left and the right adjoint action of R. 

Lemma 2.7. Let A be a Hopf subalgebra of R. 

(1) If A is normal in R, then RK + = K + R is a Hopf ideal of R, R/RK + = 
R ®k k is a Hopf algebra, n: R — > R/RK + is Hopf algebra map and 

A — !5— > J? 



4 



R/RK- 



is a pushout of Hopf algebras. 
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(2) If ttR — > R' is a Hopf algebra map then 

R coR ' = cq(A(l <g> te), A(l ® tt) : i? -> i? ® i?' 
is siaWe under the left and the right adjoint action and 

R coR> — ^ 

fc — i— ► i?' 

is a pullback. 

Proof, li x £ R and y £ iC + then xy = adi(x\ ® y)x2 and yx = xiad r (y ® X2). 
Since -ft" is normal in i? it follows that RK + = K + R and / = RK + is an ideal. It 
is a Hopf ideal, since RK + is always a coideal and since s(I) = I. Observe that 

R®K JjJ R^R/RK + 

is a coequalizcr. If u: R — > X is a Hopf algebra map such that uk = te, then 
W77j^(l ® k) = mx(u Cg) ® 1) = mx(t£ <S> w)e w. Thus, there is a unique Hopf 
algebra map u' : R/RK + — ► X such that u'it = u and u't = lx, showing that the 
diagram in (1) is a pushout. 

If y G R coR then adi{x ®y)= xiys(a; 2 ) and (1 Cg) 7r)Aad;(x ®y) — X\yis(x4) ® 
tt(^22/2s(x3)) = £12/5(2:2) ® 1 = (1 <S> s)Aadi(x <S> y) and similarly for ad r (y ® x). 
The diagram obviously commutes. If v : Z — > A is a Hopf algebra map such that 
7ra = t^'E^ then (1 ® 7r)Aw = (w ® 7rw)A = (w ® lriEz)& = (1 <8> te)(w ® v)A = 
(1 ® te)Aw. Hence there is a unique Hopf algebra map v' : Z — > i? cofl such that 
K«' = ew', and the diagram in (2) is a pullback. □ 

Proposition 2.8. Let K be a (braided) Hopf subalgebra of R such that R is left or 
right faithfully flat over K, and such that RK + = K + R. If B = R/RK + . Then: 

(1) R coB = K = coB R. 

(2) K is a normal Hopf subalgebra of R. 

(3) There are spectral sequences 

H p (B, H q (K, y))=* H n (R, Y), 

H p (B,H q (K,X))^H n (R,X). 

(4) Exact sequences in low degrees 

-► H\B, Y) -» H\R, Y) -» Hom B {K+ ® K k, Y) -» iJ 2 (B, F) -» ff 2 (i?, F), 



tf 2 (i?, X) -» ff 2 (B, X) (#+ ®^ fc) ® B X -» ^(i?, X) -» ff^B, X) 0. 
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Proof. For items (1) lnd (2) see |Moj . Proposition 3.4.3. The spectral sequences 
are special cases of those for normal subalgebras CE , Chap. XVI, Theorem 6.1, 
where it actually suffices to assume that R is flat as a X-module. The natural 
isomorphisms HP(R,Y) = Ext p R (k,Y) and H P (R,X) = Torf(fc,X), valid for any 
Hopf algebra R, have been used. Finally, the low degree 5-term sequences of 
these spectral sequences are those of |CEj . page 329, cases C and C, where the 
isomorphisms 

Ef = Honis(/c, H^{K, Y)) S Hom B [k,Bam K {K + ,Y)) Hom B (if + ® K k, Y) 
and 

E 2 m = Hi{K, k)® B X = {K+ ® K k)® B X 
have been used. □ 

The 5-term exact sequences can also be found directly without the use of spec- 
tral sequences. The exact sequence of if-modules — > K + — > K — > k — > induces 
an exact sequence of i?-modules — » K + ®k R —* K ®k R — > k ®k R — ► 0, 
that is K + ® K R = K + R and k ® K R = R/K+R, since R is if -flat. Again, 
since R is if-flat, any i?-projective (or i?-flat) resolution X of an i?-module M is 
also a K-Hat resolution of M. For every injective i-T-module map / : Y — > Y' the 
i?-module map 1 ® / : R®k Y —* R®k Y' is injective, since i? is if -flat, and thus 
/ Oif 1 : y ® K X = (Y ® fl R) ®k X -> (y ® fl i?) ® K X = y' ® K X is injective 
as well for every flat R- module X. This gives an isomorphism of complexes 

k ®k X ^ k ® K R ® R X = £ (g) R X, 

so that H n (K, M) = Torf (fc,M) ^ Tor^(B,M). From the exact sequence of R- 
modules — > i? + — > i? — > fc — > we then get a commutative diagram of B-modules 
with exact rows 

> Torf(B,fc) > B® R R + > B® R R > S ® fl fc > 



> Hi(K,k) ► B®rR + > B > k 

and hence an exact sequence of B-modules 

K + /{K+f -> B ® R R + -> B+ -> 0. 
Apply the functor Horns ( , M) to this last exact sequence to get 

-> Horns (-B+, M) -> Hom B (S ® fl i?+ M) -v Hom B (F x (if, fc), M) 
-> Ext^(B + , M) -> Ext^(5 ® fi i?+, M) 
If the bottom sequence of the commutative diagram 

► M > P — > i?+ > 

I 4 4 

> M > r — > B® R R+ > 
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is an extension E of B-modules then it is also an extension of i?-modules. The 
map a: R + — > B® R R + , given by a(x) = 1(£>rx, is an i?-module homomorphism. 
The right hand square of the diagram is a pullback and the top sequence is a 
representative of a*(E). If the top sequence is split by u: R + — > P then u: B ® R 
R + — > Y, given by u(b®x) = bpu(x), splits the bottom sequence, since pu(b®x) — 
bp(3u{x) = bapu(x) = ba(x) — b ® x. Hence the induced map a* : Ext s (-B <8>.r 
R+, M) -> Ext^(i?+, M) is injective. Moreover, Ext 1 R (R+,M) = H 2 (R, M). 

Using Houib(B®rR + , M) = Hom/?(i? + , M) one gets the commutative diagram 
with exact rows and columns 

Uom B (B,M) = Rom R (R,M) 
> Hom B (B+,M) "* > Hom H (i? + ,M) — ■* Horns (-H"i {K, k), M) 

d 

> Ext B (k,M) > Ext R (k,M) 



in which 6v* — 6n*u* — 0, so that there is a unique homomorphism 

7: Ext R (k,M) -> Hom B (i?i(i<:,fc),M) 
such that 7c) = <5. It follows that the sequence 

-» H^B^I) -» H l (R,M)^ Rom B (Hi(K,k),M) -> H 2 (B,M) -> H 2 (R,M) 
is exact. Similar argument work for the homology sequence. 

3. Liftings over finite abelian groups 

In this section we give a somewhat different characterization of the class of finite 
dimensional pointed Hopf algebras classified in |AS| . and show that any two such 
Hopf algebras with isomorphic associated graded Hopf algebras are monoidally 
Morita-Takeuchi equivalent, and therefore cocycle deformations of each other, as 
we will point out in the next section. 

A datum of finite Cartan type 

V = V (G, (gi)i<i<e, K a ij)i<i,j<e) 

for a (finite) abelian group G consists of elements gi s G, \j S G and a Cartan 
matrix (ay) of finite type satisfying the Cartan condition 
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with qu ^ 1, where qy — Xj{9i)i m particular q£ 3 = q a ^ for all 1 < i, j < 9. In 
general, the matrix (gy of a diagram of Cartan type is not symmetric, but by |AS[ 
Lemma 1.2] it can be reduced to the symmetric case by twisting. 

Let Z[7] be the free abelian group of rank 9 with basis »2> • • • > cte}- The 
Weyl group W C Aut(Z[7]) of (ay) is generated by the reflections Sj : Z[7] — > Z[7], 
where Si(ctj) for all i,j. The root system of the Cartan matrix (ay) 

is $ = uf =1 W / (a i ) and $+ = $ n [7] = j a e $ a = Yn=i n t a i, n t > 1 is the set 
of positive roots relative to the basis of simple roots {cui, a^j ■ ■ ■ , &e}- Obviously, 
the number of positive roots p = |$ + | is at least 9. The maps g: Z[7] — > G 
and x- Z[7] - G given by a Q = . . . and X a = X ni xT • ■ ■ x7 for a = 

y^i—i njQtji respectively, are group homomorphisms. The bilinear map q: Z[7] x 
Z[7] — > fc x defined by g QiQj = gy can be expressed as q a p = X/3 (<?«)■ 

If X the set of connected components of the Dynkin diagram of $ let $ j be the 
root system of the component J E X. The partition of the Dynkin diagram into 
connected components corresponds to an equivalence relation on 7 = {1, 2, . . . , 9}, 
where i ~ j if and ay are in the same connected component. 

Lemma 3.1. [AS, Lemma 2.3] Suppose that V is a connected datum of finite 
Cartan type, i.e: the Dynkin diagram of the Cartan matrix (ay) is connected, and 
such that 

(1) qu has odd order, and 

(2) the order of qu is prime to 3, if (ay) is of type G2. 

Then there are integers dj G {1, 2, 3} for 1 < i < 9 and a q G k x of odd order N 
such that 

Qii — q ■ diOij — djQ,j-i 

for 1 < i, j < ©. If the Cartan matrix (ay) ofT> is of type G% then the order of q 
is prime to 3. In particular, the qu all have the same order in k x , namely N. 

More generally, let P be a datum of finite Cartan type in which the order Ni 
of qu is odd for all i, and the order of qu is prime to 3 for all i in a connected 
component of type G2. It then follows that the order function Ni is constant, say 
equal to Nj, on each connected component J. A datum satisfying these conditions 
will be called special datum of finite Cartan type. 

Fix a reduced decomposition of the longest element 

Wq = Si t Si 2 ... Si p 

of the Weyl group W in terms of the simple reflections. Then 

{ s ii 3 i2 ■ ■ ■ s ii-i 

is a convex ordering of the positive roots. 

Let V = V(V) be the crossed fcG-module with basis {x±, X2, ■ ■ ■ , xg}, where 
Xi <E V*' for 1 < i < 9. Then for all 1 < i ^ j < the elements ad x ~ a ^ Xi(xj) 
are primitive in the free braided Hopf algebra A(V) (see Lemma 11.61 or [ASH 
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Appendix 1]). If T> is as in the previous Lemma then X 1 ~ aij Xj £ - This implies 
that f(uij) = for any braided (Hopf) subalgebra A of A(V) containing Uij — 
ad l ~ aii Xi{xj) and any G-invariant algebra map /: A — ► k. Define root vectors in 
^4(V) as follows by iterated braided commutators of the elements x±,X2, ■ • ■ , xg, 
as in Lusztig's case but with the general braiding: 

xpi = Ti x Ti 2 . . .Ti l _ 1 (xi l ), 

where T^Xj) = (xj) 

In the quotient Hopf algebra R{V) = A(V)/(ad l ~ a ^Xi(xj)\l < i ^ j < 9) de- 
fine root vectors x a G A(V) for a G <I> + by the same iterated braided commutators 
of the elements X\,X2i ■ . ■ , xg as in Lusztig's case but with respect to the general 
braiding. (See |AS2| . and the inductive definition of root vectors in [Rl] or also 
|CP[ Section 8.1 and Appendix].) Let K(D) be the subalgebra of R(T>) generated 
by {x% \a G $+}• 



Theorem 3.2. |AS[ Theorem 2.6] Let V be a connected datum of finite Cartan 
type as in the previous Lemma. Then 

(1) | x'p^x'p* . . . xj^ a\, a.2, ■ ■ ■ , a p > j forms a basis of R(V), 

(2) K{T>) is a braided Hopf subalgebra of R(T>) with basis 

{x% 1 ai x% a a »...x£'\a 1) a a ,...,a p >o}, 

(3) [x a ,x$] c = 0, i.e: x a x^ = q^pXp x a for all a, (3 G $+ . 

The vector space V — V(T>) can also be viewed as a crossed module 
in z UyZ). The Hopf algebra A(V), the quotient Hopf algebra R(V) = 
A(V) j \ad x ~ aii x l (xj)\\ < i ^ j < 9) and its Hopf subalgebra K(V) generated 
by { x a\ a £ ^ + } are a U Hopf algebras in "^pYD. In particular, their comultipli- 
cations are Z[/]-graded. By construction, for a G <f> + , the root vector x a G R(T>) 
is Z[/]-homogeneous of Z[/]-degree a, so that x a G R(T>)*° . To simplify notation 
write for 1 < I < p and for a = (a±, a 2l ... , a p ) G N p 

u N N N 

h i = 9/3, > m = Xf3, , z i = x (i l 

and a = Y%=i a A 

h± = h^K? . . . hp" G G , rf= rfrrff . . . i%> G G , z^ = z* 1 z% 2 . . . Zp" G K(V). 

In particular, for e; = (Ski)i<k<i, where 5m is the Kronecker symbol, ei = Pi and 
z ei = zi for 1 < I < p. The height of a = J2i=i n i a i £ Z[2] is defined to be the 
integer ht(a) = rij. Observe that if a, b, c G N p and a = b + c then 

h & = h^-hF- , rf = r^rf- and ht(b) < ht(a) if c ^ 0. 
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The comultiplication on K(T>) is Z[/]-graded, so that 

A if(7?) (^) = ^®l + 1®^ + Yl % 

b,c^0;b-\-c—a 



and hence 

&K(V)#kG {*-) = Z~ ® 1 + ^ ® *° + ^ 

6,c^0;fc+c— a 

on the bosonization. The algebra K(V) is generated by the subspace L(l?) with 
basis {zi, Z2,..., z p }. The (left) fcG-module structure on A(V) restricts to L(D), 
and induces (right) fcG-actions on A\g(K(D), k) and on Vect(L(2?), k) by the for- 
mula (fg)(x) — f(gx). A linear functional /: L(T>) — > k is called g-invariant if 
fg = f for all g G G. Let Vect G (L(V), k) be the subspace of G-invariant linear 
functionals in Vect(L(V),k). 

Proposition 3.3. Let\ecta{L(T>) and A\g G (K(V), k) be the space of G-invariant 
linear functionals and the set of G-invariant algebra maps, where T> is a connected 
special datum of finite Cartan type. Then: 

(1) Vect G (L(V),k) = {/ G Vect(L(X>),A;)| /(*,) = if m + e}. 

(2) The restriction map res: A\g G (K(T>), k) — > Vect G (.L(X>), fc) is a bisection. 
The inverse is given by res"^/)^) = f( Zl ) ai )f(z^) . . . f(zp p ). 

(3) Alg G (K(D), k) is a group under convolution. 

(4) The restriction map res: G A\g G (K(V)#kG,k) ->■ A\g G (K(T>), k) is an 
isomorphism of groups with inverse defined by res _1 (/)(x ® g) = f(x), 

and G A\g G (K(V)ffkG, k) = { / G A\g( K (V)ffkG , k) | /, fcG = e} . 

(5) T/ie map 9 = pres" 1 : Alg G (#(£>), k) -> Aut Ho pf(K(V)#kG), defined 
by ©(/) — res _1 (/) * 1 *res _1 (/)s 7 is o growp homomorphism whose image 
is a subgroup in 

AM Hopf (K(V)#kG) = {fe Aut Hopf (K(V)#kG)\ f ]kG = id} . 

(6) for euen/ / G A\g G (K (V) , k) the automorphism 0(/) of K(V)ffkG is 
determined by 

Q {f) ^ = z * + f{z a ){1 _ fn+ V 



6,c^0;fc+c— a 



^;C7^0;6-|-c— a 



h^fs(z% 



In particular, Q{z*) = z± + f(z^)(l - h^) if ht(a) = 1. 



Proof. If / G Vect G (L(P),fc) then /(*) = f{g Zi ) = r}i(g)f(zi) for all 1 < i < p 
and for all g G G. Thus, / (zj) = if 77, 7^ e. 
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By Theorem IO it follows that K[T>) = TL[V)/[ziZj - ■q ] (h i )z J z t \l < i < 
j < p). If / 6 Vect G (L(l>), k) then the induced algebra map /: TL(T>) — » 
k factors uniquely through K[V), since f[ziZj — r]j[hi)zjZi) = f[zi)f[zj) — 
Vj[ h i)f[ z j)f[ z i) = f(zi)(f(zj) - f(hiZj)) = for 1 < i,j < p, by the fact that / 
is G-invariant. This proves the second assertion. 

The next three assertions are a special case of 12.41 

The set of all algebra maps A\g(K(T>), k) may not be a group under convolution, 
but the subset A\g G [K [T>) , k) is. If fx, / 2 and / are G-invariant then 

fi*h(xy) = [fx (mom) (1 (g>c® l)(a;i ®x 2 ® yi (82/2) 
= (/1 ® /a)(a;i(a;2)-iyi ® (^2)02/2 

= /l(ziM(Z2)-l)/l(yi)/2((£ 2 )o)/2(y2) 

= h[xi)h[yx)h[x2)h[y2) = fi * h[x)fx * /2(j/) 

and moreover, [fx* f 2)9 = f\9*fi9 = fi */2, /sp = /.9« = fs, e*f = f = f*e and 
f*fs = e = fs*f so that Alg G (i£r(£>) is closed under convolution multiplication 
and inversion. 

The map * : A]g G (fc(X>), fc) -» Alg[K[V)#kG, k) given by = f[x), 

is a homomorphism, since 

res _1 (/i) * res _1 (/ 2 )(a; ® g) = res _1 (/i) O res _1 (/ 2 )(£i <8> (x 2 )-i5 ® (a? 2 )o ® 9) 

= /i(xi)e((a;2)-i)/2((x2)o) 
= fi[xx)f2[x 2 ) = fi * /2(z) 
= res - 1 [fx ) * res" 1 [f 2 ) (x (g> 5) . 

The inverse ty- 1 : Mg[K[V)#kG,k) -» Alg G (A'(£>), fc) is given by = 
/(a; ® 1), is just the restriction map. 

It is convenient to use the notation *ff[f) — f ■ Then Q(/) = / * 1 * fs and 

6(/i * / 2 ) = h * h * 1 * h * h s 
= fi * fa * 1 * /as * fis 
= e(/i)0(/ a ). 

In particular, 6(/)6(/s) = 6(/ * /«) = 0(e) = 1 = Q[fs * /) = 6(/ S )6(/). 
Moreover, 

®[f)[xy) = f[xxyi)x2y 2 fs[x 3 y 3 ) 

= f[xx)f[yi)x2y2fs[y 3 )f[x 3 ) 
= f[x 1 )x2fs[x 3 )f[y 1 )y 2 fs[y 3 ) 
= Q[f)[x)Q[f)[y) 
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and 

A6(/) = A(/*l*/s) 

= A(/8l®/s)A< 2 ) 

= (/<8>1<8> lfs)A^ 

= (/818£®1®/s)AW 

= if® l®/a<8)/® l/s)A (5) 

= (/*l*/s®/*l* /s)A 

= (e(/)®e(/))A, 

showing that 0(/) is an automorphism of K(T>)^kG with inverse 9(/s). 
The remaining item now follows from the formula for the comultiplication 

A(a£) = z^ ® 1 + ft^ ® z^ + 51 ® z£ 

6,c^0;fc+c— a 

of K(D)#kG, which implies 

A (2) (z^) = z^® 1 ® 1 + ft^ ® z^ ® 1 + ^ tf c z-/i £ ® z £ <g> 1 + ft- (g) ft- ® z- 
+ E f "' 1 " ® ft £ <8 z £ + ft- ® ^-ft £ ® z £ + X! t7iz-h l+ - ® ^ft £ ® z £ • 

and 

1 * s(^) = z^+ ft £ s(z £ ) + ^ |z¥s(z £ ) = e(z £ ) = 0. 
Applying / to the latter gives 

+ + ^ ty{z b -)f s (z c -) = o, 

which will be used in the following evaluation. Now compute 

e(./)(z £ ) = /(^) + ^+£4/(z^ + ft*/ s (z*) 

+ E W*-) + z - + E V]>* £ M* £ ) 

= z^+/(z^)(l-ft £ )+^4/(z^)z £ 

to get the required result. □ 

For any / e Alg G (K(D), k) define by induction on ht(a) the following elements 
in the augmentation ideal of kG 

M/) = /(^)(i-^)+ E &/(**)«=(/). 

6,c^0;6+c— a 
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where u a (f) — f(z— )(1 — h— ) if /it (a) = 1. In particular, for a positive root 
a — (3i G $ + and — x^ — z e ' write «;(/) = u ei (f) = u a (f). We can think of 
/ = (f(x^)\a G $ + ) as root vector parameters in the sense of [ASj . 

Corollary 3.4. Let T> be a special connected datum of Caftan type. Then 

U(p,f)=R(p)#kG/(a£ + «»(/)) 

are the liftings of B(V)#kG = U(V,e). 

Proof. The augmentation ideal of K(T>), the ideal I of K(V)f^kG and the ideal (I) 
in R(T>)f^kG generated by {x a \ a G X} are Hopf ideals. It follows from the induc- 
tive formulas for 0(/)(z-) and Ua(f ) above that for every / G A\g G (K(T>), k) 
the ideals If = 0(f)(1) in K(V)#kG and (If) in R(V)#kG generated by 
{ x^ +u a (f)\a G < I >+ } are Hopf ideals as well. The Hopf algebras U(V,f) = 
K(D)#kG/(@(f)(I)) are the liftings of U(V,e) = B(V)#kG parameterized by 
f=(f(x%\a £$>+)& Alg G (K(V),k). □ 

In the not necessarily connected case of a special datum of finite Car- 
tan type the elements ac? 1_aiJ Xi(xj) are still primitive in A(V) and R(V) = 
A(V) I \ad x ~ a%:) Xi(xj)\i ~ j) is still a Hopf algebra, which contains RiVj) for 
every connected component J G X. The Hopf subalgebra K(T>) generated by the 
subspace with basis 5* = {zy',Zij\ J G X,i ^ j}, where = [xj,Xj] c , contains 
K(T>j) for every J € X. The comultiplication in each components K(Dj) and 
K(T>j)#hG is of course given as before in the connected case, while for i </> j 

A(zjj) = Zi j ® 1 + 1 <g> 

in if (D) and i?(£>) and 

A(« y ) = Zy (g) 1 + grfj <g> Zy 

in the bozonizations K(T>)f^kG and R(V)#kG. The space of G-invariant linear 
functionals VectGr(£(2?), fc) consists elements / G Vect(L(£>), fc) such that 

f(z r ) = if rj r ^ e for 1 < r < p and f(zy) = if XiXj ^ e if i 7^ j}. 

The induced algebra map /: TL(T>) — » fc of such a linear functional satisfies 

• KW,z s ] c ) = f(z r )(f(z s ) - f(h r z s )) = 0, 

• fj[zij,z r ] c ) = f(zij)(f(z r ) - f(gi9jZ r ) = 0, 

• f([Zij, Zi m ] c ) = f(Zij)(f(zl m ) - f(9tgjZi m )) = 0, 

since / is G-invariant. It therefore factors through K(T>), since 

TL(D) I ( \z T , Z s ] c , [Zij , Z r ] c , [Zij , Zg m ] c ) — K {T^) j ( \z T , Z s ] c , [Zij , Z r ] c , [Zjj , Z/ m ] c ) . 

It follows that the restriction maps 

res: G A\g G (K(V)#kG) -> Alg G (#(£>), fc) -> Vcct G (L(X»), fc) 
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are bijective, and / = {/(%')! * 7^ j} U {f( z r) \ 1 < i* < p} can be interpreted as 
a combination of linking parameters and root vector parameters in the sense of 
[A"g] . Then map 

6 : A\g G (K(D),k) -> Aut Hopf (K(V)#kG) 

given by Q(f) = /*l*/sisa homomorphism of groups. Moreover, since + 
gigjs(zij) = m(l (g) s)A(zy) = in K(V)#kG, it follows that 

©(/)(%) = (/ ® 1 ® /^)A (2) (%") = + /(««)(! " 

when i ^ j, while Of(z r ) is given inductively as in 13.31 In this way one obtains 
therefore all the 'liftings' of B(V)#kG for special data of finite Cartan type. 

Theorem 3.5. Let T> be a special datum of finite Cartan type. Then 

U(V,f) = R(V)#kG/(x%°< +u a (f),[x i ,x J ] e + f(z ij )(l-g i g j )\a G $+t / j) 

for f £ Vect G (L(V),k) are the liftings of B{V)#kG = U(V,e). Moreover, all 
these liftings are monoidally Morita-Takeuchi equivalent. 

Proof. Clearly U(V, f) is a lifting of B{V)f^kG for the root vector parameters 
{ Ma = f( x a a I a e ^ + } an d the linking parameters { A.y = /([a;,-, 5Cj] c )| * 7^ j}- By 
[AS] all liftings of B(V)#kG are of that form. To proof the last assertion let in 12.31 
H = kG, K = KV, f G Alg G (K,k). Then the ideal I = (x^*, [xi,Xj] c \a G 7^ 
i) and J = 9(/)(J) = (a£- + u Q (/), [^,^] c + (1 - ft ^)|a G / j) of 

KjfkG are conjugate. By 12.31 the quotient Hopf algebras U(V,e) and U(T>,f) of 
R(T>)f^kG are monoidally Morita-Takeuchi equivalent. The additional condition 
(i?#/fcG)/(res- 1 (/) * 7^ is verified in f [Ma2] . Appendix). □ 

4. COCYCLE DEFORMATIONS AND COHOMOLOGY 

In this section we describe liftings of special crossed modules V over finite 
abelian groups in terms of cocycle deformations of B(V)#kG, and determine the 
infinitesimal part of the deformations by means of Hochschild cohomology. 

4.1. Cocycle deformations. A normalized 2-cocycle a: A<S> A — > fc on a Hopf 
algebra A is a convolution invertible linear map such that 

(e ® a) * ct(1 ® m) = (cr ® e) * cr(m ® 1) 

and <r(i (8 1) = £ = c(l ® «•)■ The deformed multiplication 

m CT = a * m * a^ 1 : A® A ^> A 

and antipode 

Sv = a * s * o~~ : A —> A 

on A, together with the original unit, counit and comultiplication define a new 
Hopf algebra structure on H which we denote by A a . If A is N-graded then 
a = 5Zj=o ai ' wnere o~j \ A ® A — > fc is the uniquely determined component of 
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degree —j and oq = e. This corresponds to a convolution invertible normalized 
2- co cycle 

oo 

a(t) = ^2 '■ A ® A -* MM]- 

i=0 

The convolution inverse cr _1 (t) = ' ^ ® ^ ~^ MM] ^ s determined by 

a(t) * cr" 1 ^) = £ = * °"(*)' that is b y 

^ 0-i*%=^= ^ »7i*<7,-. 

The cocycle condition (e ® o"(i)) * ® wi) = ( cr (i) ® £ ) * <x(t)(m ® 1) implies 

that 

(e ® <Ti) * ® m) = (fTi ® e) * (Tj(m ® 1) 

i+j=l i+j=l 

for all £ > 0. In particular, if s is the least positive integer for which <j s ^ then 

T} s = — a a and 

£ (8> <r s + <j s (l ig) m) = a s <g> £ + (T s (m (8> 1) 

so that er s : A ® A — » fc is a Hochschild 2-cocycle. The infinitesimal part 
mod (t s+1 ) of and of m a n) are 

e ® e + : A ® A -> fc[t]/(^ +1 ) 

and 

m CT(t ) = m + (tr s *m-m* a s )t s : A ® A -» 
respectively, where 

4> = cr s * m — m* <j s ; A® A — * A 

is a normalized Hochschild 2-cocycle. 

Dually, a normalized 2-cocycle cr: fc ^ A ® A is a convolution invertible linear 
map such that 

(t ® <r) * (1 ® A)cr = (cr <g> t) * (A ® l)cr 

and 

(s ® l)cr = t = (1 <g> e)(r. 
Then i?' 7 = (if, m, t, A CT , e) with the deformed comultiplication 

A a = a * A * cr -1 : A -> A ® A 

is again a Hopf algebra. If A is (— N)-graded then a = X2i=n a *i wnere fj : A®vl — * 
fc is the uniquely determined component of degree —j, corresponds to an invertible 
normalized 2-cocycle a(t) = X)£o <T ^' • ^ ~~ * A ® ^-[M]- 

Theorem 4.1. |Sch[ Corollary 5.9] If two Hopf algebras A and A' are cocycle 
deformations of each other, then they are monoidally Morita- Takeuchi equivalent. 
The converse is true if A and A' are finite dimensional. 
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Suppose now that V is a crossed fcG-module of special finite Cartan type, A(V) 
the free braided algebra and A(V)#kG its bosonization. If / is the ideal of A(V) 
generated by the subset 

S = { ad 1 - a "x i (x j )\ i~j}uK»|ag$+}u{ [x h Xj ] c \ % ^ j} 

then A(V)/I = B(V) is the Nichols algebra. The subalgebra K of A(V) generated 
by S is a Hopf subalgebra [X3], [CH Proposition 9.2.1]. Then K#kG is the Hopf 
subalgebra of A(V)#kG generated by S and G. 

Lemma 4.2. The injective group homomorphism 

<j>: Alg G (K,k) ^ Alg(K#kG,k) 

given by 4>{f){xff^g) = f(x) has image 

Alg(K#fcG, k) = { f e Alg(K#fcG, fc)| f ]kG = e] 

and 

adj : Alg G (K, k) -> Aut(K#kG) 
has its image in the subgroup 

Aut{K#kG) = { f 6 Aut(if#fcG)| f {kG = e} . 

Moreover, if V is of special finite Cartan type then f(ad 1 ~ aij Xi(xj)) = for i ~ j 
and for every f G A\g G (K, k). 

Proof. If / E Alg(K#kG,k) then f{ad 1 - a ^x l {x J )) = f(g ■ ad 1 " ** x^x^g' 1 ) = 

Xi{g) l - aiS xM, = fig^g- 1 ) = xS«(g)f(x%) and f([xi, Xj ] c ) = 

f(g[ Xi ,Xj} c g 1 ) = x l (g)xj(g)f([x l ,x J ] c ), so that f(g ■ ad 1 a ^x l (x J )) = if 
X- " iJ X:i + 0, /(a^-) = if xl" ± e and f{[x u x 3 ] c ) = if X iXj ± £■ □ 

The theorem above can now be applied to the situation in Section [3] to show 
that all 'liftings' of a crossed fcG-module of special finite Cartan type are cocycle 
deformations of each other. The special case of quantum linear spaces has been 
studied by Masuoka |Ma| . and that of a crossed fcG-module corresponding to a 
finite number of copies of type A n by Didt [Di] . 

Theorem 4.3. Let G be a finite abelian group, V a crossed kG-module of special 
finite Cartan type, B(V) its Nichols algebra with bosonization A = B(V)f/=kG. 
Then: 

(1) All liftings of A are monoidally Morita-Takeuchi equivalent, i.e: their co- 
module categories are monoidally equivalent, or equivalently, 

(2) all liftings of A are cocycle deformations of each other. 

Proof. The main theorem 13.51 at the end the last section says that B(V)fj^kG = 
U(V,e) R(D)#kG/(I) for a Hopf ideal / in the Hopf subalgebra K(V)#kG 
of R(V)#kG, that its liftings are of the form U{VJ) = R(V)#kG/(I f ) for a 
conjugate Hopf ideal //, where / e Mg G (K(D,k),k) = Alg(K (X>)#fcG, k), and 
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that they are all Morita-Takeuchi equivalent. Thus, Schauenburg's result applies, 
so that all these liftings are cocycle deformations of each other. □ 

Corollary 4.4. Let H be a finite dimensional pointed Hopf algebra with abelian 
group of points G(H) = G and assume that the order of G has no prime divisors 
< 11. Then: 

• H and gr c (H) are Morita Takeuchi equivalent, or equivalently, 

• H is a cocycle deformation of gr c (H). 



Proof. Under the present assumptions the Classification Theorem [AS] asserts that 
gr c (iJ) = B(V)#kG for a crossed fcG-module V of special finite Cartan type, and 
hence the previous theorem applies. □ 

In the case at hand A = B(V)#kG and the condition that gr c A a = A implies 
that the cocycle a : A ® A — -> k is G-invariant, since m a (x ® g) = m(x <g> (?) and 
m a {x ® g) = m(x <8> g) for all g £ G, so that 

a{x <g) g) = e(x) — a(g ® x) 

for all g £ G. The cocycle conditions then imply that 

a(x ® yg) = a{x ® y) , a(xg ® y) = cr(x ® gy) , a(gx ® y) = a(x (g) y), 

which means that a factors through A® to A and also that the cocycle really comes 
from a convolution invertible G-invariant 2-cocycle 

v: B{V)®B{V) k. 

In fact, the restriction of a G-invariant 2-cocycle a: A ® A — > A: restricts to a G 
invariant 2-cocycle on -B(V) <8> S(V) and the map 

defined by ^ {v)(xf^g®x' f^g') = v(x®g(x')), is inverse to the restriction map. This 
map is of degree zero and therefore also defines a bijection between the associated 
sets of formal cocycles 

*: Z 2 G (B(V),k[[t]}) ^ Z 2 G (A,k[[t}}), 
and the infinitesimal parts, which are Hochschild cocycles. 

4.2. Exponential map. It is in general very hard to give explicit examples of 
multiplicative cocycles. One somewhat accessible family consists of bicharacters. 
Below we give another idea which can sometimes be used. 

Note that if B = (&^ =Q B n is a graded bialgebra, and / : B — > k is a linear map 
such that /|s = 0, then 

- r 



OO 



e 

% 

i=Q 



is a well defined convolution invertible map with convolution inverse e ^ . When 
/ ': B <g> B ~^ k is a Hochschild cocycle such that f\B®B a +B Q ®B = 0, then 'often' 
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e j : B®B — > k will be a multiplicative cocycle. For instance this happens whenever 
/(l (8> m) and f{m (H> 1) commute (with respect to the convolution product) with 
e ® f and / ® e, respectively. Also note that if / * / = 0, then = e + /. 

From now on assume B is obtained as a bosonization of a quantum linear space. 

More precisely B = / G, afi, . . . ,xg\ gxi = Xi(9)xi9,%i%j = Xj(9i)%j%i, ^f* = °V 

Here Xi,...,Xe e G ; 9i,---,9e G T are such that Xi(9j)Xj(9i) = 1 for i ^ j. 
Number iVj is the order of Xi{9i)- We abbreviate g^.j = Xi(9j)- Then : £? <X> — > 
fc, given by 



Q(xg,yh) 



Xi (g), i£x = xl 1 , y = x\ l , <n + b t = N. t 
0, otherwise 



for x = x^ 1 . . . Xg a and y — xj 1 . . . x b e e (see Corollary 14. 8|) is a Hochschild cocycle. 
Moreover, each of the sets 

Ai = { (e ® Ci), Ci(l ® m)| 1 < i < 6} 

and 

A = { (Ci ® e), Ci(m ® 1)1 1 < * < °} 

is a commutative set (for the convolution product). We sketch the proof for Ai 
(the proof for A r is symmetric). Maps Ci(l ® wi) and Cj(l (g> m) commute since Ci 
and do. Same goes for e ® Ci an d £®Cj- Hence it is sufficient to prove that for 
all i,j we have 

(e ® Ci) * (0(1 ® m)) = (0(1 ® m)) * (e <g> Ci)- 

Hi ^ j, this is immediate. For i = j note that both left and right hand side can 
be nonzero only at PBW elements of the form x\j ®x\g® x\h G B ® B ® B, with 
r + s + p = 2N{. Without loss of generality assume that / = g = h = 1. In this 
case the left hand side evaluates to 



s \ p 



UJ „ \v 



wp-v) _ 
"ii 



u+v=Ni x ' Hi x 7 «<■ 

and the right hand side is 



£ C) (! % ( '-"' = . 



Thus if / is any map in the linear span Span^ {Ci}, then is a multiplicative 
cocycle. 

This idea is illustrated in some of the examples given in Section 15.31 
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4.3. The standard cosimplicial algebra complex and cohomology of 
braided Hopf algebras. The 'multiplicative' cocycles above and the 'additive' 
Hochschild cocycles can in principle be computed from the normalized standard 
cosimplicial complex associated with the standard comonad A <g> — on the cate- 
gory of A-bimodules. The relevant part of that complex with coefficients in the 
A-bimodule M is 

Hom(fc,M)"i7 Hom(A, M) ^ Hom(A 2 ,M) ^ Hom(A 3 ,M) 
with coface maps <9; : Hom(A n , M) — > Hom(A" +1 , M) given by 

'w(i®/) ,ifi = 

<%(/) = { ® m <8> l"- 1 - 1 ) , if 1 < i < n - 1 

k (/ <g> l)/i r , if i = n 

and codegeneracy maps Si : Hom(A" +1 , M) -> Rom(A n ,M), sj = /(POngd™-'), 
where fc — > A is the unit. Hochschild (or the 'additive') cohomology H*(R,M) 
is the cohomology of the associated cochain complex with the alternating sum 
differentials d = E" =0 (-l) i a i : Hom(A™, M) -> Hom(A" +1 , M), so that 

9/(ai <g> . . . <g> a n+ i) = ai/(a 2 ® . . . ® a„+i) 

n 

+ ^(-l) J /(ai (g) . . . ® <g> . . . <g> a„+i) 

i+l 

+ (-l)" +1 /(ai®...(»a„)a„ + i. 

If M = k, the trivial A-bimodule, then the cosimplicial complex is a cosimplicial 
algebra under convolution. Apply the group of units functor to this cosimplicial 
algebra to get a generally non-abelian cosimplicial group. Then 

Z\A, k) = {f€ Hom(A, k)\ d 2 (f) * d (f) = = Alg(A, k) 

is the group of 'multiplicative' 1-cocycles, while 

Z 2 (A,k) = {feKom(A®A,k)\d 3 (f)*d 1 (f) = d (f)*d 2 (f)} 

= {/ € Hom(A 2 ,fc)| f(x 1 ,y 1 )f(x 2 y 2 ,z) = f(y 1 ,z 1 )f(x,y 2 z 2 )} 

is the set of 'multiplicative' 2-cocycles. In case A is cocommutative, the cosimpli- 
cial group is abelian and from the associated cochain complex with the alternating 
convolution product differentials one gets Sweedler cohomology. 

This theory also works for a braided algebra in the category of crossed H- 
modules when the tensor products are taken in the braided sense. 

Proposition 4.5. If A and A 1 are finite dimensional (braided) algebras then 
H*(A,M)®H*(A',M') =H*{A®A',M®M') 
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Proof. The Bar-Resolution B(A, M) of the ^4-bimodule M, with differential 

d: B n+1 (A,M) — A® A n ® M ~* A® A n ~ x ®M = B n (A, M) 

given by 

n 

d(ao ®ai <g> ■ ■ ■ ® a„ ® m) = ^(— l)'ao ® • • • ® ai-i ® ajaj+i <8> a l+ 2 ® . . . <S> a„ <S> m, 

i=0 

is a /c-split relatively free resolution of M . The Hochschild cohomology of A with 
coefficients in M is defined by H*(A,M) = H*( A Kom A (B(A, A), M)). Both, 
B(A, M)®B(A', M 1 ) and B{A®A',M®M') are fe-split relatively free resolutions 
of the A ® ^I'-bimodule M <g> M'. By the comparison theorem the two chain 
complexes are chain equivalent. Such a chain equivalence is given by the (braided) 
version of the Alexander- Whitney map. By the (braided) version of the Kunneth 
Theorem there is a natural map 

H*B(A,M)®H*B(A',M') -> H*(B(A,M)®B(A',M')) H*B(A®A', M®M') 
which is an isomorphism when either A or A' is finite dimensional. □ 

This result can be applied to Nichols algebras of certain finite dimensional 
Yetter-Drinfel'd modules over abelian groups. 

Theorem 4.6. If V = (BjexVj is the crossed kG-module of a special datum V 
of finite Cartan type, where Xis the set of connected components of the Dynkin 
diagram, then 

B(V) £* ®j e xB(Vj) 

as a braided Hopf algebra and 

H*(B(V) 1 k)^® JeX H*(B(Vj),k) 
as a graded vector space. 

□ 

Corollary 4.7. If V — ®\ =1 kxi is a quantum linear space over an abelian group 
G then B(V) = B± ® B 2 ® . . . ® B t , where B l = B(kxi) = /^/(a;™ 4 ). Moreover, 

H*(B(V)) S H*{Bx) ® H*(B 2 ) ®...® H*(B t ) 

with Hi{Bi,Bi) ~ klxil/ix?'- 1 ) and H 3 (B h k) = k. 

□ 

Remark 4.8. Note that if A = B{kx) = k[x]/{x n ), then 

H a (A, k) = k and H 1 (A, k) = Vect(A+ / \A+f , jfe). 

A normalized 2-cocycle f : A + ® A + — > k is a linear map satisfying f{x l ® x 3 ) = 
f(x k ®x l ) whenever i + j = k + l, so that Z 2 (A,k) = ®kfi, where fi{x l ®x 3 ) = 1 if 
i + j = I and fi{x l ®x 3 ) = otherwise. If f(x l ®x 3 ) — for i + j = n then f = Sg, 
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where g{x i+r ) = f(x l ®x j ), so that H 2 (A,k) = Z 2 {A 1 k)/ B 2 (A,k) is represented 

by fn- 

4.4. The equivariant cohomology. The G-invariant Hochschild cocycles are 
described via the cosimplicial complex of G-invariant elements in the standard 
complex. The commutative 'pushout-pullback' square of (braided) Hopf algebras 
in Section [2] 



k — ■ — ► B 
induces a square of cosimplicial algebras 



Hom G (fc, k) 



Home (A;, k) 



Home (k, k) 



So 



Bom G (B,k) 
Hom G (i?,fc) 
Rom G (K,k) 



Si 



90 

s7 



Hom G (B 2 ,£;) 
Rom G (R 2 ,k) 
Hornc^ 2 ,*;) 



H 

83 



Hom G {B 3 ,M) 
Hom G (i? 3 ,M) 
Hom G (A 3 ,M) 



where the trivial part has been omitted. Here is a equivariant analog of the 5-term 
sequence, which allows a direct calculation of the infinitesimal deformation cocycle 
associated with the equivariant algebra map / £ A\g G (K, k). 

Theorem 4.9. There is an exact sequence 

- H G (B, k)^H G (R, k)^H G (K, k)^H 2 G (B, kf^)*H 2 G (R, k) 
Proof. To construct d : H G (K, k) — > H G (B, k) observe first that 
Der G (K, k) = H G (K, k) = Z G (K, k) = {/ € Rom G (K, k^f = d° f + d 2 f}. 

Choose a if-bimodule retraction u : R — » K for n : K — > i? so that uk — Ik and 
EKti = £_r. Then (k ® n)*d l u* = d l n*u* = d l for i = 0, 1, 2. It also follows that 

du*f(K + R ®R + R® RK+) = 

for any / £ Z G (K, k), since u is a if-bimodule map, so that 

du*f(xr®r') — e(xr)u* f(r') — u* f(xrr') + u* /(xr)e(r') 

= —f{xu{rr')) + f{xu{r))e(r') 

= —f{x)eu{rr') + f{x)eu{r)e{r') = 
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and similarly du*f(r®r'x) — 0. This means that the 2-cocycle du*f : R®R^ k 
factors uniquely through ir®ir : R®R —> B®B, i.e: there exists a unique 2-cocycle 
/ : B®B -> fc such that (tt ® tt)*/ = du*f. So define 

5:H G (K,k)^H G (B,k) 

by 5(f) = [/], the cohomology class of /. 

Exactness at H G (B, k): It is clear that 7r* : H G (B,k) — > H G (R,k) is injective, 
since 7r is surjective, and that k*tt* — (ttk)* = (is)* = e*l* is the trivial map, 
since /(l) = for / e Z G (B, k). 

Exactness at H G (R 7 k): Suppose that / G Z G (R 7 k) and «*(/) = 0. Then 
f(RK+R) = 0, since /(rar') = e{r)f(xr') + /(r)e(ar') = s(r)e(x)f{r') + 
e(r)f(x)s(r') + f(r)s(xr') = for x G K + . Hence, there is a unique /' G 
Hom G (5,/c) such that tt*(/') = /. Moreover, = 9/ = dir* f = (tt* ® n*)df, so 
that df = 0, since (7r <g> 7r)* is injective. 

Exactness at ff^if, fc): First show that 5k* = 0. If / G Z G (R, k), then /(l) = 
and 5k* f = [/] G H%(B.k) with / G Z%(B.k), and (ttOtt)*/ = du*K*f G B G (B, k) 
Moreover, = df(n(x)®r) = —f(K,(x)r)+fn(x)e(r), so that (/ —u* k* f)(n(x)r) = 
f(K(x)r — f(n(x)Ku(r)) = fn(x)e(r) — f k(x)eku(t) = 0. Thus / — u*k* f factors 
uniquely through 7r : i? — > B, i.e: n* f — u* k* / — / for a unique /' G Hom G (i3, k). 
But then (7r®7r)*9/' = dir* f = d(u* k* f - f) - du* k* f = (ttOtt)*/, and therefore 
/ = df G Bq(B, k), since (71" <S> 7r)* is injective. 

Now, if 5(f) = [/] = for a given / G Z G (K,k), then / = 9/' for some 
/' G Hom G (5+,/c), and 9tt*/' = (tt <g> 7r)*<9/' = (tt ® tt)*/ = <9u*/, so that 
u*f - Ti*f' G Z G (i?, k). Then «;*(«*/ - tt*/') = / - (ttk)*/' = / G Z G (K, k). 

Exactness at H G (B, k): Finally, if (tt <g> tt)*[/] = for a given [/] G H G (B, k) 
then (7r <g> tt)* f = df for some /' G Hom G (i?+, k). Moreover, df'(K(x) <g> r) = 
EK(x) f(r) - f(n(x)r) + f K(x)e{r) = (w <g> n)*f(n,(x) <g> r) = J{t:k(x) ® n(r)) = 
f(iB£K(x) <8 7r(r)). Thus, if a; G then f(K(x)r) = f K(x)e(r) and (/' - 
u*k* f)(K(x)r) = f(n(x)r) - f(n(x)Ku(r)) = f'K(x)e(r) - f K(x)enu(r) = 0, 
so that K + R is in the kernel of (/' — u*k* /'). It follows that there is a unique 
/" : B -> fc such that tt*/" = f -u*K*f. Then (tt ® tt)*(/ - 9/") = (ttOtt)*/- 
dir*f" = du*K*f, which means that [/] = [/ - df] = 5{ K *f). □ 

The connecting map 5 : H G (K,k) — > H G (B,k) can be used to describe the 
infinitesimal part of the 'multiplicative' cocycles <r : -B ® £? — > fc in terms of the 
algebra map / G A\g G (K, k) taking into account that L(T>) = K + /(K + ) 2 and 
k) = Tlom G (K+/(K+) 2 , k). 

If A = Bj^kG then the collection of isomorphisms 

: Hom G (B n , fc) > G Hom G (yl", fc), 

given by 5»„(/)(6igl, 6 2 ff2, ■ • ■ , b n g n ) = f(h,gi(b 2 ),...,gig2---gn-i{bn) and 
^ ,_1 /'(' , i) ^2, • • • , b n ) = f'(b\l, 62 1, • • • , b n l), defines an isomorphism of complexes, 
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which induces an isomorphism in cohomology 

: H G (B,k) ^ G H G (B#kG,k). 

The image of the composite 

4- 2 <5 : H G (K, k) -» H G (B, k) -» g H G (B#kG, k) 

consists of the infinitesimal parts of of the 'multiplicative' cocycles. If O = ^f 2 S(f) 
then (Q *m — m* £/) € H 2 (A, A) and to + (C/ *m — m* Cf) : A ® — > A is the 
infinitesimal part of the cocycle deformation associated with / g Alg G (if, fc) . 

5. Liftings and deformations 

The formal cocycle deformations of the previous section are in particular formal 
deformations in the sense of [GSUDCY] , The subject of this section is the relation 
between formal deformations, liftings and Hochschild cohomology of (braided) 
Hopf algebras. 

5.1. Deformations of (graded) bialgebras. The formal deformation of a 
(graded) bialgebra (A, m, A, i, e) is a bialgebra structure (A[[t]],m(t), A(t), l, e) 
on the free fc[[i]]-module A[[i\] = A ® k[[t)], such that m(0) = to and A(0) = A. 
Here m(t) — — 0/^* an d A(i) = J2i>o ^*** are determined by sequences of 
linear maps A® A — > A and 5, : A — > A (g) A An /-deformation of A is a bialge- 
bra structure on the free fc[[i]]/(i /+ -^-module Ai = A[[t]]/ (t l+1 ). The associativity, 
coassociativity and compatibility conditions are 

(1) Associativity: Y, r +s=i Mm« ® 1) = E,-+ S =i M 1 ® Ms): 

(2) Coassociativity: X) r+a=i (5r ® 1 ) <5s = Er+^.t 1 ® M<^» 

(3) Compatibility: J2 r +s=i S rHa = E r+s+ i 1 .+»=.(' lr ® Ms) T 23(<5u ® 

In particular for infinitesimal deformations, the case 1 = 1, these are 2-cocycle 
conditions in the bialgebra cohomology. 

An isomorphism of /-deformations is an isomorphism of fc[[i]]/(i' +1 )-bialgebras 

/: (A h m l ,A l )^(A h m' l ,A' l ) 

such that L*(f) = id,A- Such an isomorphism is of the form / = Yli>o /»^ n f° r a 
sequence of maps fa: H —> H satisfying the conditions 

( 4 ) E r+S=i frVs = Y.t+u+v=i Mt(/« ® /«) 

(5) T,r+s =l S 'rfs = T,u+v+t= t (fu ® /«)${ 

required by the fact that / is a /c[[£]]/(t' +1 )-bialgebra map. The set of isomor- 
phism classes of /-deformations of A will be denoted by Def/(A). The projection 
&[[£]]/ (t l+1 ) — > (t induces a restriction map res/ : Def;+i(^4) — * Def;(j4) and 

Def(A) = limDef/(A) 
is the set of isomorphism classes of formal deformations (oo-deformations) of A 
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Theorem 5.1. |Gr2j The restriction map res; : Def;+i(A) — » DcL(A) fits into an 
exact sequence of pointed sets 

H\A,A) > Def l+1 (A) BeU(A) H*(A,A) 

for I > 0. In particular: 

• i? 2 (A, A) = Defi(A) is an abelian group, 

• Every formal deformation of A is trivial if and only if H 2 (A, A) = 0, 

• If H 3 (A, A) = then every infinitesimal deformation can be extended to 
a formal deformation. 

Proof. (Sketch) If two (I + l)-dcformations restrict to the same Z-deformation 
then they differ by a pair of compatible 2-cocycles — /ij +1 ,<5;+i — S' l+1 ). If 

(Ai, mi, A;) is an Z-deformation then 

ip = ( (H(jij ® 1 - 1 <8> fij), (Si <g> 1 - 1 <g> <5 l )(5 J ) 

is a 3-cocycle, and obs;(A;, to;, A;) is the cohomology class of tp. Thus, if 
obs;(A;, mi, Ai) = then ip is a 3-coboundary, that is -0 = <9(m+i> <^+i) = (Mo(1 ® 
W +1 -W +1 ®l) + W+i(l(8»/io-/io(8)l), (l®(5;+i-(5i + i® l)5 + (l®5n — <5o® 1)<*i+i) 
for some : A® A® A ^ A and : A — > A (g> A eg) A, and (A;, mj, Aj) = 
res;(Ai + i,m i+ i, A i+ i). □ 

5.2. Liftings of (graded) bialgebras. If A = ©„>o^4i is a graded bialgebra 
then it carries an ascending bialgebra filtration Ac — (Bi<jAi and a descending 
bialgebra filtration AV^-. = ®i>jAi. A lifting of a graded bialgebra A is a filtered 
Hopf algebra structure K = (A, M, A) on the vector space A such that gr c K = A. 
A co-lifting of A is a co-filtered bialgebra structure G = (A, M, A) such that 
gr r (G) S A. Let 

Lift (A) and co-Lift (A) 
be the sets of equivalence classes of liftings and of co-liftings of A, respectively. 

Theorem 5.2 (cf. |DCYj ). There are bijections Lift (A) ==! Def(A) ^ co-Lift (A). 

Proof. We deal with the co-lifting part of the theorem. Let G — (A, M, A) be 
a co-lifting of the graded bialgebra H , so that gr r G = H . The multiplication 
and the comultiplication are maps of co-filtered vector spaces and they uniquely 
determine maps \i r : A A — > A and 5 r : A — > A ® A of degree r for every r > 0, 
such that M (a <8> b) = J2 r >o ® ^) anc ^ ^( c ) = Sr>o ^r(c). By associativity of 
M, coassociativity of A and compatibility of the two structure maps these linear 
maps satisfy exactly the conditions (1), (2) and (3) of the previous subsection. 
Now define a bialgebra D(G) = [A[\t\\, m<i, Ad) over k[[t]] by ma — J2i>o M*** an< ^ 
A d = J2i>o ^ J 1 - ^ ms gi yes a well-defined bijection 

D : co-Lift (H) -> Def(ff) 
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since equivalent co-liftings are sent to isomorphic deformations. An isomorphism of 
co-liftings /: G — > G' is a map of co-filtered bialgebras so that f(a) = J2 r >o fr( a ) 
for uniquely determined linear maps f r : A — ► A of degree r, which satisfy the 
conditions (4) and (5) of the previous subsection since / is a bialgebra map. The 
induced map fd- D(G) — > D(G'), defined by fd = J2i>o fi^ % t IS an isomorphism 
of deformations. Similar arguments work for liftings [DCY]. but now the linear 
maps (j, r , 5 r and f r are of degree — r. □ 

Lemma 5.3 (cf. |GSj . |MWj ) ■ If A® A — > k is a Hochschild cocycle of degree 
-n then the linear map /i = (£ ® to — m ® QA^a : A ® A — » A is of degree —n 
and satisfies the cocycle condition 

m(/i ® 1) + ^(to (g) 1) = to(1 ® /i) + ® to), 

so that mQ t — Tn + /it" : (A (g> — > A[t] is an infinitesimal deformation. 

5.3. Examples. To illustrate the discussion above let us consider the case of one- 
dimensional crossed modules over a cyclic group. 

1. Let G = (g) be a cyclic group of order np and let V — kx be a 1-dimensional 
crossed G-module with action and coaction given by gx = qx for a primitive n-th 
root of unity q and <5(x) = g(g)x. The braiding c: V^®^ — » V^®!^ is then determined 
by c(x (8> x) = qx ® x. The braided Hopf algebra »4(V) is the polynomial algebra 
k[x] with comultiplication A(x l ) = X^+s=i ^ ® m wn i cn x™ is primitive. 
The braided Hopf algebra C(V) = fc(x) is the divided power Hopf algebra with 
basis {xi|i>0}, comultiplication A(xj) = X)r+s= 

and multiplication 

XiXj = {^ + i J ^ ^Xi + j. The quantum symmetrizer S : A.(V) — ► C(V^) is given by 

S(x l ) = <S(x) 1 = i 9 !x,. The Nichols algebra of V is B(V) = A(V)/(x n ) ^ im<S 
and the Hopf algebra 

A = B(V)#kG 

= (x, g\x n = 0, g np = l,gx= qxg, A(x) = x ® 1 + g <g> x, A(o) = g <g g) 

is coradically graded. 

The convolution invertible linear functional <r : A ® A — > fc defined by 

C 1, if i + i = 0; 

cr(x*g" <g> x^g") = 0, if < i + j < n; 

I aq ]u , if i + j = n 

is a cocycle of the form a = e <E) e + (, where ((x l g u <g> x^ g v ) — aq^S 1 ^ 3 is a 
functional of degree — n and ( 2 — 0, so that <r _1 = e ® e — £. The resulting cocycle 
deformation 

to ct = (ct O to ® ct _1 )A^ a : A <g> A -> A 
of the multiplication to : A ® A — > A is then given by 

m a = m + (( ® to - to <g> C)A j4(8y i = (Uq + 
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and is compatible with the original comultiplication. The explicit expression of 
m a in terms of the PBW-basis of A is 

m^xV <8> x k g l ) = q jk (x i+k +0X0(1- g na ))g j+l , 

where i + j = na + (3 with a = 0, 1. The identity £ s+ .„ =/3 q O = ffi> 
which can be found in |Kaj . has been used in the calculations. The deformed Hopf 
algebra has the presentation 

A a = (x,g\x n = o(l - g n ),9 np = 1,0* = <Z^> 

with the original comultiplication, and since gr c A a — A it is a lifting of A. 

The linear dual V* — fc£, £(x) = 1, is a crossed module over the character 
group G = (9), 9(g) = a a primitive np-th root of unity and a p = q, with action 
8* (8 <S> = 9( = al; and coaction /«*(£) = ^ £, where = 9 P . The graded 
braided Hopf algebra A(V*) = k[£] = C(V)* is the graded polynomial algebra 
with comultiplication A(£ l ) = £ r+s=i il) q £ r ® £ s so ^ha,t £™ ^ s primitive. The 
cofree graded braided Hopf algebra C(V*) = k (£) = A(V)* is the divided power 
Hopf algebra with basis i > 0}, comultiplication A(£j) = ^2 r+s=i ^r ® £s and 
multiplication^^ = ( ^ ) The quantum symmetrizer iS : A(V*) — > C(V*) is 

given by 5(f) = i,!^. The Nichols algebra of V* is B(V*) = A(V*)/{C l ) = imS 
and the Hopf algebra 

A* = B(V*)#kG 

= (£> 0| r = 0, r p = £ , 0£ = a£9, A(0 = £ (8 £ + ® £, A(0) = 000) 

is radically graded. 

The invertible element a* : k — > A* <g> A* with a*(l) = a = e ® e + 
J2 r +s=n a rs€ r <t> s ® £ s ' = e ® e + C) wrtn fl r S = 7-^-7, is the cocycle above rep- 
resented in terms of the basis of A*. Observe that £ is of degree n and £ 2 = 0. 
The resulting cocycle deformation of the comultiplication 

A a = m ( ^l jA {a <g> A ® cr" 1 = A + toa®a(C ®A-A<g)C) = 5 + 8 n , 

where rn H ^ H (£<g) A<8>C) = is used, is compatible with the original multiplication. 
Since A(0)C = a"CA(6>), it follows that 

A (T (6' J ) = l ® 9 l + (1 - a m )C{9 1 <g> 

Using the identity a„_i s q s + a„ s _i = a u s one finds that CA(£) = A(£)£, so that 
A CT (£) = A(f) and 

A ff (r^) = A(r)A CT (^). 

The deformed Hopf algebra has the presentation 

A° = <£, 0| A CT (£) = A(£), A CT (0) = ® + (1 - a")C(0 ® 8)) 
with the original multiplication and radical filtration, so that gr r A a = A* . 
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2. Let G = (g) be the cyclic group of order np\p 2 and let a be a primitive root of 
unity of order np\p 2 . Consider the 1-dimensional crossed G- module V — kx with 
action gx — a P2 x and coaction 5{x) = g Pl <g> x. The braiding c: V ®V — ► V ®V 
is then given by c(x ® x) — g Pl x ®x — a PlP2 x ® x. 

The dual space V* = fc£ is a crossed module over the character group G = (#), 
where 9(g) = a. The action is given by 

5* (9 ® = ® = - " Pl 

and the coaction by 

mW ® x) = tWx) = °> P2 Z(x) = a tp \ 

so that 8* (9 ® Cl = a Pl £, and = ® f. The braiding map c* : V* <8> -> 

V* <8> V™ is determined by c*(£ <g> £) = # P2 £ ® £ = a PlP2 C ® £• This means that 
the dual V* is obtained essentially by interchanging the role of p\ and p 2 , i.c: 
(G,V, Pl ,p 2 )* = (G,V*,p 2 , Pl ). 

The free graded braided Hopf algebra A(V) = k[x] is the polynomial algebra 
with comultiplication A(x l ) = (x <S> 1 + 1 <8> x) 1 = J2 r +s=i (l) q xT ® x " > wnere 
q = a PlP2 . The ideal (x n ) is a Hopf ideal, since x n is primitive. The cofree 
graded braided Hopf algebra C(V) = k(x) is the divided power Hopf algebra with 
basis {xi\i>0}, comultiplication A(xi) = J2 r +s=i 

and multiplication 

m(xi <g> Xj) = ccj+j. It follows in particular that x\ = i q \xi and x™ = 

n q \x n = 0. The quantum symmetrizer S: A(V) — > C(V) is determined by S(x % ) = 
S{x) 1 = x\ = i q lxi and S(x n ) = N q \x n = 0. The Nichols algebra of V is then 
B(V) = A(V)/(x n ) = imS C C(V), and imS = ®i~o kx i is thc Ho P f subalgebra 
of C(V) generated by x\. The bosonization 

A = B(V)#kG ={g,x\ g npiP2 =l,x n = 0, gx = a P2 xg, A(x) = x ® 1 + g Pl ® x) 

is coradically as well as radically graded, giving rise to liftings by deforming the 
multiplication and co-liftings by deforming the comultiplication. 

The linear functional £: A <E> A — * k of degree — n, defined by C,(x' l g : ' <g> x fc <?') = 
a P2: > k 6^~ , is a Hochschild cocycle with £ 2 = 0, and satisfying 

C(m ® 1) * (C <S> e) = C(l ® m) * (e ® Q. 

It follows that 

G = e z =e®e + C: A®A-fk 

is a convolution invertible multiplicative cocycle. In terms of the dual basis of A* 
it can be expressed as 

0<r,s<n 

<T = s®e + ( = e®e+ a rs C9 P2S <g> £ s , 

r+s— n 
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where a rs — — r~r- The corresponding cocycle deformation of the multiplication 

r q .s q . 

of A is 

m a = (a ® m ® a~ )A A ^ A = m + (Q®m, -m® C,)A a ®a, 
since (£ <g> m ® (,)8a®a = (it is of degree — 2n). Using 

A A ®A{x l g J ® x k g l ) = (') ( k ) x r g p ^ ® x u g^ v+l ® ® sV 

r+ S=l \ r J q\ U J q 

and invoking the identity |Kaj 



„ vV„w: v /3 / v /3 , 

when i + k = n + /3, the following explicit formula for to ct can be deduced: 

m a (x i g j (g) sV) = a P2jk x l+k ' g 3+l 

J2 f^) a P2 ^ PlS+j)u+:iv) (S^ +u x s+v ~ x r+u S s n +v g Pl{s+v) )g 3+l 

r+s=i ^ ' « 1 



or—La- " + oar ^ ^ J <T 



g(i-r)Ugj>mjgj+/ 



= a P2ik [x l+k + ax [l - ff pin )]5 J ' +i , 

where i + k = fry + /3 with 7 = 0, 1. 

The element (: k -> A ® A, £(1) = 2°^^" a^sY 1 ' <g> x s is a Hochschild 
cocycle with £ 2 = 0. and satisfying 

(A®1)(C)(C®1) = (1<8A)(C)(1<8 0- 
It then follows that a : k — > A tg) A, defined by 

0<r.s<n 

cr(l) = e c = 1 (8) 1 + C = 1 ® 1 + E a r S x r g PlS <8 x s , 

r+s— n 

is invertible and satisfies the multiplicative 2-cocycle condition 

(A ® l)(cr)(<7 <g> 1) = (1 <g> A)(cr)(l cr). 
The corresponding cocycle deformation of the comultiplication of j4 is 

A (j = TO^ A ((7® A0CT" 1 ) 

= A + m H ® H {C <g) A - A <gj C)> 
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since to^4a(C ® A (g) () = (it is of degree 2n). In the resulting Hopf algebra 
(A, m, A a ,i, e) we have 

Aa(.g) =S®.9+(1-" P2 ")C(3®S) 

and A (T (g Pl ) = g Pl © g Pl = A(g Pl ). Moreover, a simple calculation using the 
identity a u _i s q s + a u s _x = a u s for u + s = n + 1 shows that (A(x) — A(x)£, so 
that 

A a (x) = A(x) + to a ®a(C ® A - A ® C)(x) = A(x). 

3. If g = (g) is the cyclic group of odd prime order p and q is a primitive 
p-th root of unity, consider the 2-dimensional crossed G module V = kx\ © kx2 
with action gxi = q^~^' X{ and coaction 8{xi) — g ® Xi. The braiding map 
c: V ®V — >V®V\s then c(xi © xj) = q(~^ xj © a^. 

The dual space V* = © fc£ 2 is a crossed module over the character group 
G = (8), where 9(g) — q, with action 6£i = q£i, coaction = 9^~^' ©£i and 

braiding c(xi © Xj) = q^ 1 ^ 3 £j © 

The free graded braided Hopf algebra A(V) — T(V) is the tensor algebra with 
comultiplication determined by A(xi) — Xi © 1 + 1 © x i7 where the braiding in 
the form of Am = (m © m)(l © c © 1)(A © A) has to be taken into account. In 
particular, 

A(xf) = ( Xi © i + 1 © Xl y = ]T (l) < ® ^ s 

r+s— p ^ ' Q 

= a£ <g> 1 + 1 <g> af , 
since (£) = for < r < and 

A([x lj x 2 ] c ) = [xi,x 2 ] c © 1 + xi © x 2 - <?(x\ © x 2 ) + 1 © [xi,x 2 ] 
= [x!,a; 2 ] c © 1 + 1 © [x 1; a;2], 

since c 2 (x\ © x 2 ) = xi © x 2 , so that [xi,a; 2 ] c is primitive. The cofree graded 
braided Hopf algebra C(V) = k(xi,x 2 ) is the divided power Hopf algebra 

with basis all words in the variables |a^ r ' i = 0, l;r>o|, comultiplication 

A(xf^ — J2r+s=i x i r ^ ® an( ^ multiplication m(x^ © x^) = ^ S )q x ^i +S ^ 
and m(x^ © xf" 1 ) = x^x^p + q(~^ 3 1 x^ x^p if i ^ j. It follows in par- 
ticular that (x^Y = r q \x ( [\ hence (x\ 1] ) p = and that [xf \ xf ] ] c = 
if i =/= j. The quantum symmetrizcr S: A(V) — > is determined by 

5(3^) = a^af 5 + gC-i) 3 '- 1 ^ 1 )^ 5«) = 5(^) r = K (1) ) r = r,!^, so 

that S(x?) = p q \x^ = 0, and S([xi, Xj] c ) = for i ^ j. The Nichols algebra of 
V is then B(V) = A{V)/{x\ , x%.[x u x 2 ] c ) = im5 C C(V), and imS is the Hopf 

subalgebra of C(V) generated by ja;^, xp |. The bosonization 

A = B(V)#kG= (g,X 1 ,x 2 \g p = l,x\ = 0,4 = 0,a;ia; 2 = q^x^) 
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with comultiplication A(g) = g ® g and A(xi) = Xi ® 1 + g <£> xi is coradically 
graded. 

The linear functional (: A ® A — > A: of degree —2, defined by ^{x\x J 2 g k ® 
x i x 29*) = a 9 ^o^i^i^Oj i s a Hochschild cocycle with ( p = 

6. Duals of pointed Hopf algebras 

6.1. Liftings of Quantum linear spaces. The duals of finite dimensional 
pointed Hopf algebras need not necessarily be pointed. Although the dual of the 
bicross product E — B(V)#kG, which is the bicross product E* — B(W)#kG, is 
again pointed, the duals of its liftings are generally not pointed. We will explore 
the duals of such liftings H when V is a quantum linear space over a finite abelian 
group G. Then V = ®\ =1 kx l with x t e V guXi with Xi{9j)Xj{9i) = i _L_f f Xi(9i) is 
a primitive n^-th root of unity then dim£>(V r ) = ri\n2...n t and by |Grlj the finite 
dimensional liftings of E are of the form 

H(a) = (G, V\ gxi = Xi{g) x i9, [ x i, x j] = a lJ {g l g j - l),x^ = an{g n * - 1)} , 

where a%j = when gtgj = 1 or XiXj e f° r ' 3 an d a a = when g™* = 1 or 
X™ 4 ^ e. Let G' be the subgroup of G generated by {gigj, g^ k \ ay / 0,akk ^ 0} 
and let G = G/G' . Observe that the sequence of character groups 

1 — ► gJg~' — » G -> G 1 -> 1 
is exact, since k* is divisible (k being algebraically closed). Then 

A = H{a)/ ([xi,Xj],x% k ) = B(V)#kG 
fits into a commutative diagram 

kG' ► kG > kG/G 1 

K [ 

kG' ► H ► A 

The map tt: H — > kG, ir(x m g) = So m g, is a lifting of the canonical projection 
7r: A — > kG and obviously satisfies ttk = 1. It is a coalgebra map, but not an 
algebra map if a ^ 0. Dualizing we get A* — B(V*)4/ z kG/G' , a commutative 
diagram 

A* ► H* > kG 1 

kG/G 1 ► kG > kG' 

and an algebra section tt* : kG — > H* for k*, it* {x){x m g) = S 0m x(g)- 

Proposition 6.1. Let V = ® i=1 kxi be a quantum linear space over the finite 
abelian group G with Xi{9i) °f order rii in k* , and let H be a non-trivial lifting of 
E = B(V)#kG. Then 



POINTED AND COPOINTED HOPF ALGEBRAS AS COCYCLE DEFORMATIONS 41 

(1) E* =B(V*)#kG and 

(2) G{H*~) = G/G' is a proper subgroup of G and H* is not pointed. 

Proof. The dual V* = ®' =1 fc£i, where £i(xj) = is a crossed /cG-module with 
action and coaction given by x£i = x(9i)£i and = The commutativity 

of the diagram 

C(V)* A(V)* 

A(V*) — ^— > C(V*) 

implies that B(V)* = £>(V*) as graded braided Hopf algebras over kG. 

If x G i-e: x: if -> fc is an algebra map, then x(ff)x(«») = xid^i) = 

Xi(g)x( x i9) = Xi(g)x(xi)x(g), hence x( x i) = for all i. This implies that = 
x{xT) = a uX{gT ~ 1) fo r all i and a*]) =jijkx(gjgk - 1) for all j < fc, 

so that x(G') = 1. Thus G(ff *) C G/G', and since G/G 7 = G(A*) C G(H*), we 
conclude that G(H*) = G/G 7 . Now 

dimCor(iP) = dim(if/ Rad if ) = dim i? - dim Rad H > \G\ = \G\ > \G(H*)\ 

implies that Cor if* must contain a non-trivial matrix coalgebra component, i.e: 
that if* is not pointed. 

For a different proof observe that it suffices to show that if/ Rad H is not 
commutative, since then Cor(if*) = (if/ Rad if)* and hence if* is not pointed. 
First observe that kG (~l Rad if = 0, since Rad if is nilpotent and Rad kG — 0, so 
that 

kG — ^— > if — 2— > H/R&dH 
is injective. If if/ Rad if were commutative then 

= 7]{xi)v(g) - V{g)v{xi) = r]{xig - gxC) = (1 - Xi{g))v(xi)v(g) 

for 1 < i < t and every g e G, and hence € Radff, since %i 7^ 1- This would 
imply that a;™ 1 = an(cfl % — 1) and [xj, Xk] — Oijigjgk ~ 1) arc in Radff for all i 
and all j < k, respectively, contradicting Radf? n kG = 0. □ 

6.2. Examples. Here are some examples of Hopf algebras with the property that 
G(if*) — A\g(H,k) is trivial. Let G be a cyclic group of odd order n, r > 1 
a divisor of n, q a primitive r-th root of unity and if = H(a) any lifting of a 
quantum linear space over G defined by the generators g, x, y, the relations 

g n = 1, gx = qxg, gy = q _1 yg, [x, y] = c(g 2 - l),x r = a(g r - 1), y r = b(g r - 1) 

and comultiplication A(g) = g <g> g, Ax = x®l + g®x, A(y) ~y®l + g®y. If 
c ^ then G' = (, 9 r , 5 2 ) = G and hence G(if *) S G/G 7 = {e}. 
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1. The examples in jBDGj are of that form. If p is an odd prime number and 
q is a primitive p-th root of unity, then the Hopf algebra defined by generators g, 
x, y, relations 

g p ~ = 1, gx = qxg, gy = q~ 1 yq, x p = a(g p - 1) = y p , [x, y] = b(g 2 - 1) 

and comultiplication A(g) — g <8 g, Ax — x ® 1 + g ® x, A(y) = y ® 1 + g ® y. 
Then dimff = p 4 and G(H*) is trivial if b ^ 0. 

2. If p is an odd prime number and g a primitive p-th root of unity then the 
algebra defined by generators g, x, y and relations 



9" 



1, gx = qxg, gy = q 1 yq, x p = = y p , [x, y] = b(g 2 - 1) 



is a Hopf algebra with comultiplication A(g) — g <E) g, Ax = x <g) 1 + g ® a;, 
A(y) — y <E) I + g <E> y- Moreover, dimiJ = p 3 and G(H*) is trivial if £> 7^ 0. 

This Hopf algebra also has an interesting property of having exactly p irre- 
ducible representations, one for each dimension between 1 and p. Indeed, as- 
sume that G, X, Y are r x r matrices (r > 2, it is clear the e is the unique 
1-dimensional representation), such that j ^ G, 1 h> 1 and y Y is an irre- 
ducible representation. Note that, if e is an eigenvector for G corresponding to 
an eigenvalue if;, then either X'Y^e = or X , Y 3 e is an eigenvector for G cor- 
responding to an eigenvalue Now choose an eigenvector e for G so that 
Ye = and note that vectors £ = (e, Xe, . . . X r ~ 1 e) must be a basis for k n (since 
(G, X,Y)=\/ {G l XiY k } = M r (k) and \J X l e = \J G l X^Y k e). In particular, this 
shows that r < p. In the ordered basis £, the matrices G, X and Y are as follows. 



/I 



G = V 



r~7 



1 



0/ 



/0 tfi 




• yr-i 

V ) 

Now, using the identity XY — ^~ X YX = G 2 —I, it is easy to see that tp 2 = S, 1 ^ 7 ' 
and that 



V* = (e - xe - m - = c(i - C' r )(c - m - ir 1 - 
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It is also straightforward to check, that 

(g,x,y)^(G,X,Y), 

where G, X, Y are as above, is an irreducible representation of H. 

3. Here is an example of even dimension. Let p be a prime number and let 
q be a primitive p-th root of unity. Define a Hopf algebra by generators <?, x, y, 
relations 

9 2p = 1, gx = qxg, gy = q~ X yq, x p = a(g p - 1) = y p , [x, y] = b(g 2 - 1) 

and comultiplication A(g) = g ® g, Ax — x ® 1 + g <g> x, A(y) — y®l + g®y. 
Then dimH = 2p 3 and G(H*) is trivial if a ^ ^ b. 

4. Let n = rs be a positive integer with gcd(r, s) = 1. If G = (g) is a cyclic 
group of order n, then the character group G = (%) is also cyclic of order n. Let 
iJ be the Hopf algebra defined as an algebra by the generators g, x, y and the 
relations 

g n = hgx = x r (g)xg,gy = x~ r (g)yg, 

x r = a(g s -l),y r = c(g s -l),[x,y]=b(g 2 -l), 

with comultiplication A(g) = g ® g, Ax — x <E> 1 + g <E> x, A(y) = y®l + 5®y. 
Then x r (g) an< i X^ r {g) have order s. Moreover, dimH = ns 2 . Since gcd(r, s) = 1, 
it follows that G = (g s ,g 2 ) if a ^ ^ c, even if 6 = 0. Thus G(H*) is trivial, if 
s is odd, and of order 2 if s is even. 
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